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The following officers were elected for the coming year: Chairman, W. G. 
Simon; Secretary-Treasurer, Rufus Crane; Member of Executive Committee, 
C. C. Morris; Member of Program Committee, F. E. Carr. It is expected that 
the next meeting will he held at the Ohio State University on Thursday, April 2, 
1931. 

The following ten papers were presented: 

1. “The solutions of a system of linear homogeneous differential equations 
with Laurent coefficients” by the Chairman, Professor S. A. Rowland, Ohio 
Wesleyan University. 

2. “Iterated integrals and difference equations” by Professor Louis Brand, 
University of Cincinnati. 

3. “Some theoretical considerations of the solar motion as determined by 
ether drift” (illustrated) by Professor J. J. Nassau, Case School of Applied 
Science. 

4. “A curve associated with a triangle” by Professor J. H. Weaver, Ohio 
State University. 

5. “The solution of linear equations by means of a re machine” by 
ee G. W. Spenceley, Miami University. 

. “A topic in the theory of finite groups” by Professor B. H. Redditt, 
College. 

7. “The mathematics club, its function and its vogue” by Professor Mary E. 
Sinclair, Oberlin College; with discussion opened by Professor F. B. Wiley, 
Denison University. 

8. “A non-technical survey course in mathematics” by Professor F. B. 
Wiley, Denison University. 

9. “Radio lessons in arithmetic” by Professor Ida M. Baker, Western Re- 
serve University (introduced by Professor Simon). 

10. “Linear vector functions, their applications and generalizations” by Pro- 
fessor G. Y. Rainich, University of Michigan, (by invitation). 

On account of the absence of Professor Sinclair, and of Professor Weaver at 
the time his paper was scheduled, the fourth paper was presented by Professor 
Crane and the seventh paper by Professor Carr. 


Abstracts of these papers follow: 
1. The method of successive integrations is used to establish a particular 
fundamental set of solutions of the system 


n 
xf = (j= 1,2, 
in which the coefficients 0;;(¢) are expansible in Laurent series, and the funda- 
mental equation is obtained. By using suitable transformations and making 
circuits about the origin, a canonical fundamental set of solutions is established 


J 
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whose form depends upon the number and multiplicity of the multiple roots of 
the fundamental equation, and upon the rank of its matrix when a particular 
root is substituted in it. The functions in terms of which this canonical set is 
expressed are expansible in Laurent series whose coefficients, in turn, are ex- 
pressed by means of iterated integrals involving the particular fundamental set 
first employed. 


2. In this paper it is shown that certain n-fold iterated integrals over re- 
gions whose defining inequalities are symmetric in the variables, and whose 
integrands are likewise symmetric, may be evaluated by one quadrature and the 
solution of a difference equation. The method was exemplified by computing 
the volume of an n-dimensional sphere. 


3. Some of the difficulties of the optical theory of the Michelson interfero- 
meter were first discussed. This included the development of formulae for the 
reflection of moving mirrors and their effect in producing interference. Also the 
study of the width of fringes was given, and the possible first order effect. The 
main part of the paper dealt with the determination of solar motion (Astro- 
physical Journal, March, 1927, Nassau and Morse) assuming the second order 
effect given. In closing, the difficulties involved in reconciling Professor Miller’s 
observations with present theories were pointed out. 


4. Professor Weaver reported on his investigation of the properties of a 
curve which is associated with a triangle in the following manner. Let there bea 
triangle A,A.2A; and let a point P in the plane of the triangle satisfy the equation 


LA:PA; = +kA,) (i,j,n #70). 


Let A;=2/3—A{, (i=1, 2, 3). If |: |Ad |: |As pe: ps (p; relatively 
prime integers), the locus of P is an algebraic curve with multiple points of 
order ~; at the points A;. If the p; are not commensurable the curve will not be 
algebraic. 

5. A Monroe computing machine is used. Transcription of numbers from 
machine to paper and back (a prolific source of error and delay) is reduced to 
the equivalent of recopying once the coefficients of the original set of equations. 
Checking at the end of each step isconvenient The method indicated a combi- 
nation of computing machines that would make the whole process automatic. 


6. This paper consisted of a discussion of the groups of movements by which 
a regular solid may be brought into coincidence with itself, special attention 
being given to the principles involved in Klein’s treatise on the Icosahedron. 
The ultimate purpose was a study of the group of degree six, and in this con- 
nection special use was made of the six lines joining the six pairs of opposite 
vertices of the icosahedron. 


7. This paper presented a resumé of the college experiance with mathematics 
clubs, especially as reflected in the Monthly and as developed in Ohio. The 
purpose of the club was discussed, and the means used to accomplish results. 
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Mention was made of such points as the composition of clubs, frequency and 
character of meetings, social features, and the use of outside speakers. Serious 
undergraduate interest and effort are a real reward to the promoters of clubs. 

8. This paper was in the nature of a report of a course given at Denison 
University, as an experiment, to non-mathematics students with the purpose 
of giving them some appreciation of the historical development and significance 
of mathematics, its philosophical background, and the logic it involves; also of 
showing, as far as non-technical methods allow, with what the different fields of 
mathematics are concerned. From the reactions of the students and the in- 
structor of the course, Professor Wiley feels that courses of this general nature 
might well receive more attention in our colleges. 

9. Is it possible to teach arithmetic by means of radio in such a manner that 
the learning process as well as the learning material is controlled and directed 
by the broadcaster? A year of experimentation in the public schools in Cleve- 
land has proved that this is possible. This experiment also points out that radio 
lessons can be built so as to eliminate waste by securing concentration and by 
furnishing carefully planned lessons and drill material ; to employ efficient teach- 
ing methods that create and develop power to reason and ability to compute; 
to include useful and interesting learning material. Radio has a distinct con- 
tribution to make to education. 

10. The purpose of this paper was to point out the important role of the 
linear vector function as one of the unifying principles in mathematics. The 
idea was first introduced by several simple examples. Then the different forms 
in which the linear vector function appears (quadratic form, matrix, tensor, etc.) 
and the fundamental problems that arise were briefly sketched and applications 
to various fields of mathematics were mentioned. The applications to mathe- 
matical physics were given more in detail, and the development in that field was 
shown to be characterized by the increasing use of tensors. Finally, the con- 
ceptions of vector and linear vector function were generalized to a space of 
infinitely many dimensions where they appear as a function and a functional 
operator respectively, and where the same fundamental problems were shown 


to arise as in the finite case. 
RuFus CRANE, Secretary 
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INTEGRAL EQUATIONS AS A METHOD 
OF THEORETICAL PHYSICS. 


By DIMITRY E. OLSHEVSKY, Yale University 


If the beginning of the development of integral equations is identified with 
the work of Volterra and Fredholm in 1897 and 1903, respectively, this chapter 
of analysis is only one generation old. As a method of theoretical physics it is 
considerably younger, thus naturally lagging in development behind the older 
methods. As an unfortunate rule the presentation of integral equations is purely 
formal and corresponds to a point of view adapted from the methods of differen- 
tial equations. 

The popular opinion that any problem of integral equations can be reduced 
to a problem of differential equations is not only wrong, but neglects the fact 
that in most of those possible cases a simple integral equation reduces to a 
differential equation with a boundary problem. These boundary problems are, 
however, far away from the simplicity of the classical problems of differential 
equations. 

A deeper study of integral equations reveals a method of supreme possibili- 
ties, great simplicity, and direct adaptability to physical problems. The auxili- 
ary conditions are most naturally included in the integral equations. Thus the 
regions of both classical and boundary problems of ordinary differential equa- 
tions are joined and included in the integral equations. Also, problems 
ordinarily formulated by different orders of differential equations are taken 
care of by the same standard type of integral equations. Problems of one or 
many independent variables can be treated from essentially the same point of 
view, thus bridging the domains of ordinary and partial differential equations. 
Also, as will be shown in this paper, the treatment of physical problems by 
means of integral equations can be regarded as a method quite distinct from that 
of the differential equations. The resulting possibilities of generalization beyond 
the scope of the methods of differential equations combined with adaptability of 
integral equations to the methods of successive approximation, and to graphical 
and numerical solution, raises the method of integral equations to one of the 
most hopeful achievements of modern analysis. 


FORMAL CONSIDERATIONS 
Definition: An equation involving unknown functions under the sign of 
integral operators is called an integral equation. 


Classification: Integral equations are broadly classified according to the 
type of integral operators entering in the equations. An important case is 
represented by the linear integral operator of the first order: 


=f K(x 
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The operator is distributive with respect to y(x). There exists a great 
variety of integral equations, new types being suggested by analytical con- 
siderations as well as by actual problems of theoretical physics and other 
domains of science. 

The linear integral equation: A linear integral equation involves only linear 
integral operators, as well as linearity with respect to the unknown function. 
For many reasons the linear integral equations have been so far the most 
extensively studied. Linear integral equations may be regarded as first ap- 
proximations to integral equations involving more general forms of integral 
operators. Also the possibility of regarding them as limiting cases of systems 
of ordinary equations (linear algebraic), the theory of which is already highly 
developed, yields fundamental methods of solution. 

The linear integral equations are classified according to the presence of: 

(1) a known function, not under the sign of an integral operator; 

(2) the unknown function, outside of the sign of the integral operator; 

(3) the type of limits of the integral operator; 

(4) the highest order of the integral operator. 

Thus we have the following standard types of linear integral equations (with a 
single dependent and a single independent variable) : 


f "(K(x,8) 


a 


The Volterra equation of the first kind, 
fx) =f K(x, 

The Fredholm equation of the first kind, 
y(a) 

The Volterra equation, homogeneous, of the second kind, 
(a) K(x 


The Fredholm equation, homogeneous, of the second kind, 


f + fla). 


a 


The Volterra equation, inhomogeneous, of the second kind, 


f K(x,8)yédt + f(x). 


276 INTEGRAL EQUATIONS [June—July, 


The Fredholm equation, inhomogeneous, of the second kind. 
The equation, 


b 
= fis) f K(x, 8) y(8)dé, 


a 


sometimes called! a Fredholm equation of the third kind, may be reduced to 


the form, 
I(x K x, 


which is the Fredholm equation of the second kind. In the case when h(x) 
vanishes in the interval (a, 0), generally (unless f and K do not vanish at the 
same points) singularities are introduced. Recently it has been proposed? 
to call this equation a singular Fredholm equation of the second kind. 

Restrictions and concluding remarks: We assume the constants a, b, and the 
variables (x, &) to be real; also, K(x, &) real and continuous for aSx,&<b. 
The known function K(x, &) is called the kernel of the integral equation. 

It may be noted that Volterra’s equations can be considered as particular 
cases of Fredholm equations. It is sufficient to substitute in the latter the 
expression, 6: K(x, &), where for and 6=0 for &>x, in the place of 
K(x, &) to prove the statement. This standpoint brings however only formal 
advantages; the physical meaning of a Volterra equation is quite distinct. 


RELATION OF INTEGRAL EQUATIONS TO THEORETICAL PHYSICS 


General considerations: The subject will be approached by considering: 

(a) Physical interpretation of integral equations. 

(b) Mathematical interpretation, by means of integral equations, of certain 
physical problems. 

The physical interpretation of integral equations: Physical interpretation 
of integral equations is closely connected with that of integral operators. This 
will be discussed in some detail. 

Integral operators of the general form, 


bi bn n 
ai ay i=] 
have a definite and important meaning. Consider two points in an m dimen- 
sional space. Let us suppose that an observer, situated at the (variable) point 
P(x\x2 +--+ X,) studies the effect produced by a unit quantity (the cause) at 
another variable point Q(é:f --- &,). As a result of his observations he will 
obtain the function 


1D. Hilbert, Grundziige einer allgemeinen Theorie d. Linearen Integralgleichungen, 1912. 
2H. T. Davis, Indiana University Studies, vol. 70 (1926). 
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which is the so-called Green’s Function for the n-dimensional space. Now let 
us assume the validity of two well known physical principles: (1) the principle 
of the superposition of the effects due to several arbitrary values of the quantity 
acting at the same point, 


(1) G(c, P,Q) ¢-G(1,P,Q); 


and (2) the principle of superposition of the effects of two “unit causes” acting 
at any two different points in our space, within the specified region at the 
point of observation. This may be mathematically expressed as follows: 


(2) Gi(1,P,01; 1, P,Qz2) = G(1,P,01) + G(1,P,Q2). 


The knowledge of (2), (3), (4) gives us the possibility of finding the effect at any 
point (xix2 - - - X,) due to the action of the quantity “cause,” distributed with 
a known density; 


in our “n”-dimensional space. The quantity comprised in an element of space 
at the point (&& - - - &,) will be represented by 


i=1 
and the effect at the point (x:x%2 - - -x,) will be, according to (1), 


i=1 


(2) gives us the right to make a summation over all points of our specified 
region. The total effect at the point (xix. - - - x,) will be represented by the 
integral operator: 


bn n 
a) an i=1 


It is a function of the x; only. The auxiliary variables “£;” “disappeared.” 
In the case of one-dimensional space, (5) represents the well known ex- 
pression, 


b 
f K(x, 


The solutions of a linear integral equation have thus the following physical 
meaning: they represent functions which (with or without addition of a 
known function) are proportional to the “effect” they produce when regarded 
themselves as “causes” in a space with properties described by the kernel. 
Thus the equation, 


n 
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b 


with proper form of the kernel, describes the vibrations of an un-uniform string 
under a general periodic loading. The deflection y(x) of the string with the 
addition of a known function f(x) (dependent on the kernel, loading and mass 
distribution of the string), is proportional to the integral operator. This integral 
operator, 

represents physically the effect produced by y(x) in a one-dimensional space. 
The properties of this space are given the kernel K(x, &). It may be noted here 
that the solution is found to exist only for certain discrete values of the pro- 
portionality factor \. Since physically the proportionality factor represents 
in this case the square of the frequency, the problem may be interpreted as 
determination of proper values of energy for the vibrating system together 
with the proper functions describing the corresponding shapes of deflections 
of the string. 

Mathematical interpretation of physical problems. The phenomenon of 
hysteresis: Let us start by considering the phenomenon of stretching of a wire. 
In the case of ordinary causal dependence, the strain, y would be expected 
to be a certain function of the stress p; let us say, y=f(p). As a simple approxi- 
mation we shall expect Hooke’s law with all the advantages of simplicity in 
linear phenomena, 


(6) y=a-p. 


It was certainly a surprise to early investigators to find that the phenomenon 
simply cannot be described by such elementary mathematical methods. The 
stress strain “curves” were “not reproducible” with different specimens of 
the same material and also were dependent on the previous history in case of 
the same specimen. 

Volterra® was first to realize that new, more powerful mathematical methods 
should be developed to describe phenomena with dependence on previous states. 
Later Painlevé pointed out that philosophically we are not forced to abandon 
the causality principle as such; it must be however abandoned formally when, 
as in phenomena of hysteresis, we reduce a problem of a great number of 
molecular variables (microscopic world) to a small number of macroscopical, 
“average” variables, capable of direct observation. 

Assuming for simplicity the validity of the superposition principle,‘ the 
strain at time “t” will be a sum of two effects. First, the “classical” elongation 
due to the stress p(t) according to (6); secondly, the sum of all the effects due to 


’ Clark University lectures, 1918; Fonctions des lignes, Paris, 1913. 
* Dropping of this restriction will lead to integral equations involving multiple integrals. 


. 
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previous existence of stress at the moments £; running continuously from 
— 0, up to the present moment, ¢. Each individual effect will generally de- 
pend upon both the time of its past activity, £, and the time of observation ¢. 
For unit stress each effect can be represented by the function, K(é, ¢); and if 
the past values of stress were given by a known function, p(£), the individual 
effects would be 


Now the sum of those individual effects will be represented by the integral, 


f K(E,t) + p(8); 


and the strain under consideration is 
yi) = apt) + f +908). 


A linear integral equation is thus obtained when, physically, the variation 
of stress p(t) with time must be obtained from observations on the variation 
of strain, y(t). 

Numerous other problems of vibrations, heat and hydrodynamics, optics 
and potential theory can be very naturally formulated and solved by integral 
equations. Their importance in the treatment of modern wave mechanics is 
now generally recognized.® 


APPENDIX 
Solution of Integral Equations with Bilinear Kernel. 


Consider a Fredholm integral equation, inhomogeneous, of the second 
kind, with bilinear kernel: 


(7) y(x) = f(x) + rf K(x,&) y(é)dé, 
(8) K(x,8) = (x)-q (8). 


The integral equation is supposed to be regular, i.e., the kernel K is supposed 
to represent a continuous, bounded function, finite between (a, 6); m may be 
finite or infinite; in the second case, however, the series (8) is supposed to be 
absolutely convergent. 

Substituting (8) into (7) we obtain: 


(9) (a) = fla) +f 


5 C. G. Darwin, Proceedings of the Royal Society, vol. 117A, (1928), p. 267. 


K(E,t)+ p(é). 
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+t 


where 


are certain (unknown) coefficients. 
The problem of solving the equation (7) is thus reduced to the determination 


of the coefficients Qj. 
Referring to (9) we see that 


for Q; are constants. Now in the expression for Qi, 


b 
Ov = 


make the substitution (10). 
This yields a set of equations: 


b n b 
Q + f pu(é) qi(é)dé 
or 


b 
Ay = f px(&) «dé. 


The reader will see that (11) represents a set of linear equations with reference 
to Q;. It may be written in the form: 


Qi(1 — — AA1D2 — — = Bi 
= A 2101 + (1— NA NM 
AA ni Qi— NA + NA = B,, 


The solution is Q, =A,/A, 
where, as usual, 


91 (1 — A 22) N\A on 

NMA ni NMA ne (1 NA nn) 


and 
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Ap= 
— — —AAn Ba — AAn pir: (1 — 


We observe that the question of the existence of a solution of an integral 
equation becomes thus closely related to the problem of the existence of a 
solution of a system of linear equations. The system is infinite if this happens 
to be the case with “n.” 

We observe, further, that the determinant of the system, (12), depends on 
the kernel and the parameter, A, only. 

When the determinant of the system is equal to zero—this can be expected 
for not more than n different values of the parameter, \,—there exists no solu- 
tion for any f(x) =0 and m solutions (some of them identical) in the case when 
f(x) =0. The equation has thus a line spectrum of solutions, corresponding to the 
roots of (12). When the determinant (12) is not equal to zero, a continuous set 
of solutions exists for any function, f, not equal to 0. This band of solutions 
includes the trivial solution, 


y(x) = 0 for f(x) = 0. 
If we denote by a line perpendicular to the A-axis the existence of a solution, 


the results of this discussion may be represented by the following graphical 
scheme: 


Ne 
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EVALUATION OF THE MODIFIED BESSEL FUNCTION 
OF THE FIRST KIND AND ZEROTH ORDER! 


C. C. FURNAS 
A Bessel function is a solution of the differential equation, 
(1) 
dx? x ax 


For real, positive integers the solution of this equation is usually represented 
by the symbol J,(x), where m stands for the “order” of the solution. The formula 
of this integral is 


n x? x4 


The values of this integral have been determined for wide ranges of m and x 
and may be found in mathematical tables. 
If the argument is imaginary, then the substitution x =7t, where i= +/(—1), 
transforms Bessel’s equation into 
(3) _ my = 0 
di? dt 


One solution of this equation, for positive integral values of 1, is 


2(2n + 2) 2-4(2n + 2)(2n + 4) ). 


II represents the Gauss function and is equal to the factorial for integral values 
of 
The function ordinarily used, however, is 


1 t n+28 
(5) I,(t) = i-*J, (it) = 


which is known as the modified Bessel function of the first kind. 
If n=0, 


(6) = 


s=0 [TI(s) }? 2 


1 Published by permission of the Director of the U. S. Bureau of Mines. (Not subject to 
copyright.) 

? Physical chemist, North Central Experiment Station, Bureau of Mines, Minneapolis, 
Minn. 

3’ Gray, Andrew, Mathews, G. B., and MacRobert, T. M., A Treatise on Bessel Functions, 
Second Edition, Macmillan & Co., 1922, page 254. 


. 
E 


1930] THE MODIFIED BESSEL FUNCTION 283 


This is the modified Bessel function of the first kind and zeroth order and is 
very important in the study of certain types of heat transfer. However, the 
value of the function increases very rapidly with increasing values of ¢ and as 
far as the author knows has never been computed for values‘ greater than t= 
11.0 because of the very large numbers involved. 

It so happens in this case that there is an application which furnishes a 
means of empirical evaluation for any values of ¢ and to any desired degree of 
accuracy. 

Consider a fluid stream flowing uniformly through a porous prism of broken 
solid particles when the initial constant temperature of the solid phase is 
different from the initial constant temperature of the liquid phase. Heat will 
be transferred from the liquid to the solid until the solid particles have acquired 
the temperature of the liquid. The equations that determine the temperature 
history of any point in the fluid or solid system have been developed and may be 
found in the literature.® 

From paper just referred to, 


7) 
( ds — g 8) 

aT, 

dy 
(9) T, = T,(U — 
(10) T, = TA(U + 
(11) V = 31(2iv yz), 


where 7’, = temperature of the solid at any time, 
T, =temperature of the fluid at any time, 
To =initial temperature of fluid, 
y =a function of position in the prism, 
z=a function of the time. 
From the above equations it can be shown by simple algebra that 
(12) = Wer = yz)e. 
0 
From equations (7) and (12), if y is constant, and if initial temperature of solid 
equals 0, 


0 


4 Reference 3, page 309. 

5 Jahnke, E., and Emde, F., Funktiontafeln mit Formeln und Kurven, B. G. Teubner, Berlin, 
1909, page 130. 

6 Schumann, T. E. W., Heat Transfer: A Liquid Flowing Through a Porous Prism: Journal 
of the Franklin Institute, 208, (1929), p. 405. 
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Equation (13) is the key to the solution of values of Io (2\/yz) for the intezral of 
OT ./T from zero time to infinite time must be equal to unity for the total possible 
change in solid temperature, 7, is equal to JT». Therefore 


(14) [ = 1. 


A solution may be assumed for the Bessel function, and then its validity 
may be tested by the above criterion. The work may be done graphically by 
measuring the area under the curve of Jo (2 yz) e~”~* plotted against z. If the 
assumed solution is correct, the area will be unity. The value of this function 
approaches zero so rapidly for large values of z that for practical purposes it is 


0.020, 
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0.005 


M-4 
Figure /.- Typical curve of the function Ig(2Vyz)e-¥* agamnst 


Z. Second approximation. 


not necessary to consider the function for large values of z. The rapid conver- 
gence of the function is shown by the curves of Figure 1. Since the function of 
e~¥-* can be evaluated to any required degree of accuracy, approximate values 
of I9(2\/yz) can be obtained when the trial solution has been shown to be 
approximately correct. If a planimeter is used in measuring areas, the degree 
of accuracy is limited by the possible experimental error in the use of the in- 
strument. In the present instance the largest error was 0.4 per cent. This was 
taken as the limiting accuracy of the determination. Greater accuracy could 
be obtained by using larger areas. 

In the solution, y of equation (14) was considered constant and the integral 
evaluated for the specified limits of z. 
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For simplicity it will be considered that 
(15) 2V/ yz = x. 


For values of x greater than 10, J (x) is closely approximated by the simple 
formula, 


QUANTITY TO BE ADDED TO COMPUTED LOGyo I (2) 
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log Io(x) = ax + b. 


The first trial solution, obtained graphically, is 
logio Zo(x) = 0.433490x — 1.0840. 


(16) 
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This solution has been tested for error by the criterion given above and the 
quantity to be subtracted from the computed value of logio/ o(x) for an accurate 
second approximation is shown in Figure 2. 

The correction terms represent the cumulative error in the integral from 
zero to infinity for the particular value of y considered. As an aid in operation it 
was considered that this error all occurs at the maximum point of the curve. 
This maximum comes at a point where 2 is approximately equal to y (y, con- 
stant). Therefore the correction term for each value of y is applied to the as- 
sumed solution when x = 2y. 

It was found that it was possible to obtain a second correction curve (see 
Figure 3) within the prescribed range of accuracy thus giving a third approxima- 
tion. 

The computed values of Jo(x) for values of x up to 1,000 are given in Table 1. 


TABLE 1. 


Values of the Modified Bessel Function J(x) 
(The last significant figure is doubtful) 


x I(x) x I(x) 

12 1.901 90 5.177 X 
14 1.285 X 10° 100 1.084 10% 
16 8.867 X 10° 200 2.037 X10* 
18 6.107 300 4.467 10"8 
20 4.274107 400 1.052 X10!” 
30 7.757 X10" 500 2.541 XK 105 
40 1.498 x 10'6 600 6.295 K 1058 
50 2.955 X 10° 700 1.545 X 10° 
60 5.948 10% 800 3.846 x 10% 
70 1.211 «1029 900 9.840 x 10388 
80 2.496 X 10% 1000 2.547 X 104 


LARGE-NUMBER DIVISION BY CALCULATING MACHINE.! 
By HARRY H. LAUGHLIN? 


In many laboratories which use calculating machines, there frequently 
arises the necessity for the division of numbers greater than the direct capacity 
of the particular available machine. Thus far no accurate and practical ma- 
chine-method for doing this has been worked out. In making such computations 
therefore, recourse is had to the usual and laborious “hand-method.” 


1 A new and practical method of accurate division in case the dividend and the divisor each 
comprises any number of digits beyond the direct machine-capacity. 

2 Eugenics Record Office, Carnegie Institution of Washington, Cold Spring Harbor, L. I., 
N.Y. 
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In the development of a useful machine-method for such division the 
following specifications must be fulfilled: 

1. The method must be accurate to any desired degree, which degree can be 
readily provided for and judged. 

2. The method must accommodate dividends and divisors of any number of 
digits. 

3. The principle must be direct and simple. 

4. Processes of trial and error, other than as in ordinary division to deter- 
mine the next digit of the quotient, must not be required. That is, more com- 
plicated processes of trial and error involving at one time a considerable block 
of the whole process must not be used. 

5. The process must be such that the probability of making mistakes will 
be relatively low. 

6. The amount of time and labor required must represent a great saving 
compared with the usual “hand-method.” 


Division: Case A. 


The division of large numbers by the calculating machine falls logically into 
two cases. The first of these cases is presented as follows. 

Case A: Division by calculating machine in problems in which the dividend 
(significant digits) consists of any number of digits greater than the direct 
machine-capacity, and the divisor (significant digits) is within the direct ma- 
chine-capacity. 

1. Method: Dividend Sectioning. 

2. Principle: Based on the fact that in the dividend the left-hand digits are 
first used up, while the right-hand digits (still beyond the number of digits of the 
divisor plus those consumed from the left of the dividend) are not yet reached. 
Consequently, at any stage before the first digit to the right of the particular 
dividend-block is required, the division thus far is correct; when carried to such 
a stage in the first dividend-block the quotient can be set down so far; the re- 
mainder of the first block of the dividend moved to the left; and additional 
digits of the original dividend added to the remainder’s right. This process can 
be repeated block by block as the divisor moves to the right. 

By this method a dividend of any number of digits can be handled by a 
machine of any direct dividend-capacity and the quotient can be carried to any 
desired number of digits. 

3. Procedure. 

(1) Set up on carriage the left-hand digits of the dividend, to the machine- 
capacity. 

(2) Work through with the complete divisor as far as possible, 7. e., to the 
capacity of the machine. 

(3) Set down on paper the digits of the quotient thus far found. Add, to the 
right of such quotient, ciphers equal to the number of digits of the divisor minus 
number of digits of the remainder. 
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(4) Set up on key-board the digits of the unused remainder of the dividend 
as shown on the carriage. Clear carriage. 

(5) Set up on the dividend carriage, to the extreme left, the remainder (4); 
and add on the next block of unused digits of the original dividend, until the 
dividend-capacity is again reached. 

(6) Continue the division with the original complete divisor. 

(7) Add on the new digits of the quotient to the right of the partial quotient 
(3) already found. Caution: If in any sectional division following the first, 
the first digit of the dividend <the first digit of the divisor, a zero will appear as 
the first digit of the quotient. Such an initial zero should be ignored, 7 e., not 
included in the quotient. 

(8) Continue this “dividend sectioning” process until the quotient is carried 
to the required number of digits. 

(9) Point off decimal places in the quotient by the usual rule. 

4. Example: On a calculating machine with a dividend-capacity of 15 
digits, a divisor-capacity of 8 digits, and a quotient-capacity of 8 digits divide 


493, 725, 812, 976, 932, 814 by 85, 675, 492, 


correct to the number of digits necessary to prove the work by restoring the 
dividend, by multiplying the quotient by the divisor, such product being correct 
to the number of digits in the original dividend—in this case 18. 
First sectional division. 
Dividend = 493, 725, 812, 976, 932 =first 15 digits of the whole dividend. 
Divisor = 85, 675, 492 = whole divisor. 
Remainder = 56, 857, 868. 
Second sectional division. 
Dividend = 56, 857, 868, 814=remainder of first sectional division plus 
added unused digits of the original whole dividend. 
Divisor = 85, 675, 492 = whole divisor. 
Remainder = 53, 845, 868. 
Third sectional division. 
Dividend = 53,845,868 =remainder of second sectional division plus 
added unused digits (if there be any) of the original whole dividend. 
Divisor = 85, 675, 492 = whole divisor. 
Remainder = 35, 997, 896. 


Fourth sectional division - - - and so on. 
Quotient =5, 762,742,  663.642,1 62,85 x, xx 
Digits Digits Digits 
from Ist. from 2nd. ‘from 3rd. 
sectional sectional sectional 
division. division. division. 


Carry to 8 decimal places. There being 8 integral digits in the divisor, the 
error in the product (quotient X divisor = dividend) is less than 1, as demanded. 
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5. Proof: Quotient X divisor 
=5, 762, 742, 663. 642, 162, 85 X85, 675, 492 
= 493, 725, 812, 976, 932, 814.117, 872, 20 
= the original dividend with anerror <1. QE. I. 


Division: Case B. 


The second type, here referred to as Case B, comprises those problems in 
which the dividend may be either greater or less than the direct machine- 
capacity, but in which the divisor comprises any number of digits greater than 
the direct divisor-capacity of the machine. The problem in which both the 
dividend, “a,” and the divisor “b+c” are greater than the direct machine- 
capacity presents the greatest difficulty in machine-division. The method here 
worked out consists in converting the problem from one of division into one of 
multiplication. It requires finding the reciprocal of the final divisor which is 
first transformed so that such reciprocal can be found without using a divisor 
larger than the direct divisor-capacity of the machine. This transformation of 
the process from division to multiplication! is the essential feature of the present 
method, and it enables the computer, with accuracy and ease, to carry the quo- 
tient to any desired number of digits. 

One significant feature of the present method consists in the fact that no 
matter how many digits there may be in the divisor it is only necessary to 
separate the divisor into two sections—section “b” comprising the left-hand 
digits of the divisor to the direct divisor-capacity of the machine, and section 
“c” the remainder of the divisor-digits regardless of their number. 

The method, principle, procedure, example, and proof of his type of ma- 
chine-division are as follows: 

Case B. Division by calculating machine in problems in which the dividend 
(significant digits) consists of any number of digits greater than the direct ma- 
chine-capacity, and the divisor (significant digits) consists of any number of 
digits greater than the direct machine-capacity. 


1 Note: Because the simplified method of division of large quantities by the use of the cal- 
culating machine as presented in this article involves the multiplication of large numbers, the fol- 
lowing well-known method of multiplying numbers in excess of the direct machine-capacity for 
multiplication is here presented: 

Principle: +n)X(p+q-+: +n’) =apt+aq::: +an’+bp+bq:-- +bn'+np 
+nq:-++nn’ 
Example: Multiply 394,783,521,743 by 831,624,631,955 on a machine with a multiplication- 
capacity of 6 digits by 6 digits. 
a =394,783 xxx,xxx p =831,624, xxx, xxx 
b= 521,743 q= 631,955 
ap =328,311,017,592,000,000,000,000 
aq= 249,485,090,765,000,000 
bp= 433,894,000,632,000,000 
bqg= 329,718,097,565 


Product =328,311,700,971,421, 115,097,565 


‘ 
| 
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1. Method: Transformation to multiplication by divisor-reciprocal. 

2. Principle: Based on the principle that if in a// required divisions the divi- 
sor will fit on the key board (i.e., is within the divisor-capacity) the computa- 
tion can be completed on the particular machine. 

The.task then is to find a method which will call for no divisions not within 
the direct divisor-capacity of the machine. 


a a/b a 1 
(b+c) 1+ (c/b) 5) G + 


(3) Substituting (2) in (1), 


(3) calls for no divisor greater than ), i.e., the divisor-capacity. It being pre- 
viously demonstrated (see footnote 1) that any two numbers regardless of size 
can be multiplied by a calculating machine of any limited capacity, and that 
(by Case A) a machine can divide any dividend howsoever large, by any divisor 
which is within the divisor-capacity of the particular machine, therefore the 
present computation can be readily carried out on any machine. 

3. Procedure: 

(1) Separate the divisor into two sections, “b” and “c”. 

(2) Let the first section “b” consist of the left-hand digits to the divisor- 
capacity of the machine (or fewer if more convenient), followed by ciphers equal 
to the number of remaining integral divisor-digits. 

(3) Let the second section “c,” consist of the remaining digits of the divisor 
so that the entire divisor equals b+c. 

(4) If the particular section of the divisor be a decimal then of course the 
significant digits of such section should be preceded (instead of followed) by the 
correct number of ciphers, and a decimal point. 

4. Example: On a calculating machine with a dividend-capacity of 15 
digits, a divisor-capacity of 8 digits, and a quotient-capacity of 8 digits, divide 


493, 725, 812, 976, 932, 814 by 856, 754, 923, 849 


correct to the number of digits necessary to prove the work by restoring the divi- 
dend, by multiplying the quotient by the divisor, such product being correct to 
the number of digits in the original dividend,—in this case 18. 
Let a =493, 725, 812, 976, 932, 814 

b= 856, 754, 92x, xxx 

c= 3,849 
(1) (a/b) =576, 274. 26 |6, 364, 216, 2|85, x. 

l m n 


‘ 
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Divide by the Case A method. Carry to 12 decimal places (i.e., the number of 
integral digits in the divisor), so that, when “quotient X divisor = dividend” is 
found, the error, as required, will be less than 1. Section into 8-digit places for 
multiplication. 


(2) (c/b) =.000,000,004,492,533,291+ 
Divide by the Case A method. Carry to 18 decimal digits, i.e., the number of 
integral and decimal digits in (a/b). 
(3)  (c/b)? =.000,000,000,000,000,020+ 
Use enough left-hand significant digits of (c/b) to make (c/b)? correct to 18 
decimal digits. 


beyond range of accuracy required in present computation. Therefore neither 
(c/b)* or any higher power of (c/b) in this series is required. 
(5) 1—(c/b) =.999,999,995 507,466,709 
(6) 1—(c/b)+(c/b)?=.999,999,99 |5, 507,466, 7 |29 
r Ss t 

Section into 8-digit blocks for multiplication. 

In a/ .b+c) = (a/b) - [1—(c/b) + (c/b)?—(c/b)® -+(c/b)* | find quotient, Q. 
Y cross-products of blocks 1, m, n, in (a/b), and of blocks 7, s, t, in 


-G)+G)-G) 


equals Q. 1Xr= 576,274: 254,237,257 ,400 «xx 
-003,173,811,297 xxx ,xxx 

-000,000,000,017 ,xxx 

mXr= -006,364,216,136,xxx 

mXs= -000,000,000,035 

mxXt= -000,000,000,000 xxx, xxx 

nXr= -000,000,000,085 xxx, xxx 

nXs= -000,000,000,000 xxx 

nXt= - 000,000,000 ,000 xxx 


Quotient => =576,274.263,775,284,970, 


which is correct to 12 decimal places. Cutting off right-hand digits, beyond 12 
decimal places, limits the accuracy of Q to 12 decimal digits, and therefore, 
limits the accuracy to the restored dividend (Q Xdivisor), since there are 12 
integral digits in the divisor, to 12—12=0 decimal places, i.e., to<1 unit. 


5. Proof: Quotient X divisor 
= 576,274.263,775,284,970 X 856,754,923,849. 
= 493,725,812,976,932,813.720,624,249,530 
=the original dividend, with an error <1. Q.E.I. 
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SYSTEMATIC ARRANGEMENT OF WoRK 
Sheets or cards printed or drawn in the following manner! enable the computer to arrange 
the work of division of large numbers in an orderly and convenient fashion: 
To DIVIDE A DIVIDEND BY A DIVISOR, EACH TOO LARGE FOR DIRECT MACHINE-CAPACITY 
Each ruled space is for three digits. 


The first block of a should comprise digits equal to the dividend-capacity of the machine. 
Subsequent blocks of a generally will comprise digits equal to the divisor-capacity, but in special 
cases will comprise more. (See (5) under Case A, Procedure.) 

Block 6 should comprise digits equal to the divisor-capacity of the machine; block ¢ the 
remainder of the divisor. 

Blocks 1, m, n, and 0; and r, s, t, and u each comprise digits equal to the multiplier-capacity 
of the machine. 


Divide y 
A 
by b 

@) (3) 

(3) (5):= 

(4) (2)+(3) = 

(6) (4)—(5) = 

1. 

2. 

3. r*Xn= 

4. rXo= 

5. sXl= 

6. sXm= 

7. sXn= 

8. sXo= 

9. tXl= 

10. tXm= 

ll. 

12. tXo= 

13. uXl= 

14. uXm= 

15. uXn= 

16. uXo= 


Error in (¢) = 
n+ 1 = next unused power of (£)- 


1 This particular sheet is ruled‘for a machine-capacity of 15 dividend digits and 8 divisor digits. 
In practice, sheets 7 by 9 inches in size have proved generally satisfactory. 
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THE » DIMENSIONAL ANALOGUE OF SMITH’S DETERMINANT 
D. H. LEHMER, Brown University 


Discussions of determinants of more than three dimensions are, as a rule, 
necessarily beset with such typographical difficulties that they are quite 
formidable to the casual reader. It is possible however, to give a simple treat- 
ment of certain determinants of any number, p, of dimensions. The determinant 


discussed in this note is the outgrowth of the remarkable plane determinant of 
H. J. S. Smith 


(1) las] = 

where F(i,j) is an arbitrary function of the greatest common divisor (i,j) 
of z and j, and where 
(2) = F(n), 

the summation, as indicated, extending over the divisors 6 of m. According to 
the well known Dedekind inversion, 


(3) = DF 
Jn 

where yu is the familiar Merten’s inversion function.! This plane determinant has 
been the subject of a number of papers by Smith, Cesaro, Mansion, Catalan and 
others.? Gegenbauer® has considered some highly general determinants whose 
elements are complicated functions of a general set of integers. He states that 
Smith’s determinant is a very special case of one of these. It is doubtless true 
that at least one of Gegenbauer’s determinants can be sufficiently specialized to 
produce the determinant discussed below. After several genuine efforts the 
present writer admits his inability to perform the necessary simplifications. 
Inasmuch as the result of the present note is simple and the proof not more 
difficult than that given by Cesaro in the plane case, it would seem of interest to 
bring to light the simplest extension of Smith’s determinant to » dimensions. 

Consider the determinant A, of dimensionality or class p and order n 
whose general element is 


(4) = F(is,is, ip), 


where F is an arbitrary function of the greatest common divisor « tp) of 
the indices 21, 72, *,tp. 


1 Dickson, History of the Theory of Numbers, Vol. 1, Ch. 19. 

2 Dickson, loc. cit., Chap. 5. 

3 Sitzungsberichte, Akademie Wien, IIa, vol. 101 (1892), pp. 425-84, See also Lecat, Legons 
sur la Théorie des Déterminants a n Dimensions, Gand, 1910, Book 2, Chap. 3. 
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Theorem: The value of A,” is independent of p and is 


Ilfm where > f(5) = F(n). 
v=1 
Proof: If we fix one of the variables, say 7,, at a certain value A, then 
i,é,-+-+é,-14 Will range over a matrix S, of class p—1 and order n. Let us add to 
each element of the matrix S,(A=~2) a linear combination of the corresponding 
elements of the matrices S; where 6 ranges over the divisors (less than ) of n. 
This will not alter the value of the determinant.‘ Let us choose that linear com- 
bination in which all the elements of S, are multiplied by u(m/A). Then the 
elements of the matrix S, become 
(S) DF (is, is, 
To evaluate this sum let us consider the function e(x) which is 1 or 0 accord- 
ing as x is or is not an integer. Then in view of (2) 
(6) f(de(v/6) = F(n,v). 
In fact the only terms which contribute to the sum are those for which 6 divides 
v as well as m. Inverting (6) we get 


(7) DF (v,8)u(n/d) = f(n)e(v/n). 
To obtain (5) we set v= (41, 72, - - -,2p-1) and since ( (a, 6), c)=(a, b, c) we have 
b/n 


This shows that all the elements of S, are zero except the corner element for 
which 4;=i2= + + -=%p_1=tp=n, whose value is f(m). Expanding the deter- 
minant by minors over the elements of S, and noting that the cofactor of the 
corner element is precisely A,_1°, we have 


( 
= 


But A,” = F(1) =f(1). Consequently 
= Ilo 
v=1 
which is the theorem. 


Gegenbauer’s method consists in factoring the given determinant of class 
r+s—2 into the product of two known determinants of class r and s. His 


4 See for example, Rice, Amer. Journal of Mathematics, vol. 40 (1918), p. 247. In case p 
is odd certain precautions are necessary in the general determinant on account of asymmetry. 
This does not affect the argument, however, because our determinant is p-way symmetric. 


= 


296 SOLUTIONS OF THE PROBLEM OF THREE BODIES (June-July, 


method is considerably simplified, at least in the present case, if we let r=2 and 
s=p. Our determinant can then be shown to be the product of the following two 
determinants: 


n lp 


One finds without difficulty that D2 =1andD, =II;_, f(v). Tocarry out the details 
of this proof requires more of the theory of the general p-dimensional deter- 
minant than is necessary in the proof we have actually given. 


= D;-D2. 


n 


THE LAGRANGE SOLUTIONS OF THE PROBLEM 
OF THREE BODIES 


By W. MARKOWITZ, The University of Chicago 


In section 169 of his An Introduction to Celestial Mechanics, F. R. Moulton 
discusses the solutions of the problem of three bodies in which the ratios of the 
mutual distances are constants. He assumes that the plane containing the three 
bodies remains fixed in space or else moves parallel to itself. Let the masses of 
the three bodies be m., m2, and m3, respectively, and let the &, 7-plane be the 
plane of motion. Then the differential equations of motion of the first body 
with respect to the center of gravity are 


— £2) — £3) 

— 12) ma(m — 3) 


1,2 1,3 


The equations of motion for m., and mz; are obtained by cyclical permutations 
of the subscripts. 

Suppose the coérdinates of m,, m2, and m; at t=to are, respectively, (x1,¥:), 
(x2, y.), and (x3, y3). Let the respective distances from the origin be 7,, 7. , and 
r3. Suppose the angles that 7,, 7, and 73 make with the £-axis are qu, 
¢2, and ¢3; then, as Moulton shows, 


4, = 7 cosdi, = 72 cosde, x3 = 73 cos 


(2) 


V1 sing:, Yo = re singe, ys = rs sin ds. 


The coordinates of the bodies at time ¢ are (&,, 7), (&:, m2), and (&, 3). The 
mutual distances at ¢ are 


PT1,2, P%2,3, 
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p being the proportionality factor, and the r’s being the values of the mutual 
distances at &. Since the shape of triangle formed by the three bodies does 
not vary with the time, it follows that the radii vectores 7, 72, and r; have the 
following values: 


(3) n=n%p, = 


Moreover, the radii 7,, 72, and 7; will have turned through the same angle @. 
Hence 


m = 7p sin (0 + o1) = (4, sin? + cos 


cos (@ + 1) = (x, cos — y, sin 


(4) 


Similar expressions for £:, m2, &, and 3 are obtained by permuting the sub- 
scripts in (4) cyclicly. 

If we transform the equations of motion, (1), by (4), and make use of a sub- 
stitution employed by Moulton, 


(S) v = p*(d0/dt), 

then the following set of equtions is obtained: 
dt? xip dt p? 
yp dt “<P p? 
d*p yo dy 1 — Xs) 4 —%*)) 1 

dt? yop dt y p? 
dt? x3p dtp? x p? 


Equations (6) are the necessary conditions for the existence of solutions in 
which the ratios of the mutual distances are constants. Inasmuch as only two 
variables, p and y, are to be determined by these six equations, it follows that 
all the constants entering in them cannot be independent. It is evident that 
solutions of (6) will exist if the coefficients of corresponding terms in p and y 
are the same in the different equations. That is, if 
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— X2) — Xs) 
= nx, 


1,2 1,3 


r3 r3 
1,2 1,3 
ms3( x2 %3) my( x2 = %1) 
(7) + = 
r3 r 
2,3 2,1 
ms( Yo = Ys) + m( yi) nyo, 
r3 r3 
2,3 2,1 
m(%3— %1) me(x3 — x2) 
= n*x3, 
r3 
3,1 3,2 
mi(ys y1) V3 ye) nys, 
r3 r3 
3,1 3,2 


where n? is the common constant value of the bracket in the right side of (6), 
and 


(8) dy/dt = 0. 
As an alternative to (8), Moulton gives 
(9) Yo/ X2 y3/%3. 


Moulton states that these equations, (7) and (8) or (7) and (9), could be 
shown to be necessary by expanding the solutions of (6) as power series in t—h 
and then equating the coefficients of the various power of t—%. This process, 
however, is difficult to carry out in practise, and another method will be given 
to show the necessity of equations (7) and (8). 

Let us multiply equations (6) by —m, x; yi, +7 % Vi, — Mz X2 Yo, +My X2 Yo, 
—Msz X3 V3, and +ms3 x3 ys, respectively, and add. The result is 


1 dy 
(10) + yi?) + + y?) + + = 0. 
p 
Hence, the condition 
dy 
11 —=0 
(11) 


is a consequence of equations (6). 

By substituting this equation in (6), the set (7) is obtained. It follows, there- 
fore, that equations (7) and (8) are both necessary and sufficient conditions for 
the existence of solutions of (6). 
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A SPECIAL BIRATIONAL CUBIC TRANSFORMATION 
BETWEEN TWO 3-SPACES IN 4-SPACE 


B. C. WONG, University of California at Berkeley 


A general birational cubic transformation between two 3-spaces S; and 
S;' transforms a line or a plane in either 3-space into a twisted cubic curve or 
a cubic surface in the other 3-space. In S; there is a sextic curve, J*, of singular 
points which transform into lines in S;’ forming an octavic surface j’* trisecant 
to a sextic curve J” of singular points in S;’. The points of J’ have for images in 
S; lines trisecant to J* and forming an octavic surface j§. The two curves J*, 
J’® and the two surfaces j®, 7’8 are all of deficiency 3. 

It is the purpose of this note to notice a special case of this transformation 
in which the curves J* and J’ degenerate in a certain manner. This case is not 
unknown but the manner of obtaining it seems new and interesting. 

To obtain this special transformation we assume in S, a quartic surface F 
which is the projection of a Veronese surface in S; and whose projection upon 
any S3 in S, is a Steiner’s quartic surface. This surface F has one apparent triple 
point. From any point P in a given 3-space in S, let a line be drawn incident with 
F three times and let this line meet another given 3-space 5S;’ in S, in a point 
P’. P and P’ are said to be corresponding points of the transformation. From 
the very nature of the construction we see that the transformation is birational. 
To show that it is of order 3 we notice that the lines meeting a plane once and 
F three times form a cubic hypersurface, for any 3-space through the plane meets 
the hypersurface in the plane itself and a quadric surface whose rulings are 
trisecants of the unicursal quartic curve in which F is met by the cutting 3- 
space. 

Let K* and K” denote the unicursal quartic curves in which S; and S;’ 
intersect F respectively; Q the quadric surface of trisecants to K* and Q’ that 
of trisecants to K”; s the plane common to 5S; and S’;; and K? and K” the conics 
in which s meets Q and Q’ respectively. 

It is not difficult to see that the sextic curve J*(J”) of singular points in 
S3(S3’) is made up of K* (K"*) and K” (K’) and that the ruled octavic surface 
j® (j’8) in S3 (S3’) is made up of the quadric surface Q (Q’) and asextic surface 
W (W’) whose rulings meet K? (K”) once and K* (K") twice. The images of the 
points on K” (K”) considered as points in S; (S;’) are generators of Q’ (Q) in 
S;’ (S3) and those of the points on K‘ (K”) are the generators of W’ (W). 
The points of s not on K? or K” are their own images. 

A plane f in S; (or f’ in S3’) has for image in S;’ (S3) a cubic surface F” 
in S’; (or F* in S;). Since f meets every line of Q, its image F’ passes through 
K*. The plane s meets F’ in K? and hence in a line besides. This line is the in- 
tersection of s with f. The image of the plane s is a degenerate cubic surface 
consisting of s itself and a quadric surface. This quadric surface is Q’ if s is 
considered as belonging to S; and Q if s is considered as belonging to S;’. 
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Now consider some further special cases. First, let S;’ remain general and 
S; pass through a tangent plane of F, i.e., meet F in a pair of conics L, M having 
a point in common. L meets the plane v, of M in a further point P,», and M 
meets the plane v, of L in a further point P;. The lines of v, and v; passing 
through P,; and P,, respectively are to be considered as trisecants of the quartic 
curve K‘=L+ M and hence the quadric surface Q consists now of the two planes 
V1, Um and the conic K? of the two lines ki, km in which s meets v; and Um, respec- 
tively. The sextic curve J* in S; is now composed of three conics, L, M, and K”, 
the last conic being the intersection of s with Q’ in S’3, and the octavic surface 
7® of the two planes v;, ¥m and the sextic surface whose rulings meet the conic 
K" once and L, M also each once. The J’* in S’; is composed of K‘ and the two 
lines ki, Rm and the j’8 has degenerated into the quadric surface Q’ and two cubic 
surfaces. The generators of one of the cubic surfaces cut across k; and those of 
the other cut across k» but the generators of both are bisecants of K‘. 

If both S; and S;’ are tangent to F, then both J* and J’ are each composed 
of two conics having one point in common and two intersecting lines lying in 
s and each meeting a conic twice. Both j* and j’* are each composed of the planes 
of the conics and two cubic surfaces. 

Now if the quartic surface F in S; degenerates, we obtain further special 
cases. F can degenerate only in two ways, either into a quadric surface and two 
non-incident planes intersecting the quadric surface in two non-intersecting 
generators or into four planes one of which meets each of the other three which 
are non-incident in a line. 

Consider the first case. The curve K* (K"*) in which S; (.S3’) assumed general 
meets the degenerate F is now composed of a conic C? (C’”’) and two skew lines 
1, m (l', m’) each intersecting C? (C”) once. The lines incident with C’, 1, m, 
(C”, 1,’ m’) form the quadric surface Q in S; (Q’ in S;') whose intersection K? 
(K”) with s common to 5S; and S;’ forms with C”, l’, m’ (C?, 1, m) the sextic 
curve in S;’ in S3). The ruled octavic surface j® in S3 (j’8 in S3’) is now 
composed of four quadric surfaces. 

The other case may be obtained by assuming three general planes wu, v, w 
in S;. These three planes and the plane ¢ determined by the three points in 
which they intersect two by two may be considered as a degenerate F. An S; 
meets the configuration of these four planes in four lines /,, 1,, 1, 1, of which the 
first three are skew and the last is incident with each of them. The quadric 
Q is formed by the lines cutting across /,, /,, 1, and the 7? is now composed of 
Q and three cones with vertices on the line /; where it is met by the lines 1,, 
l,, l,. The configuration in S;’ is similar. 


. 
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QUESTIONS AND DISCUSSIONS 


EDITED BY R. E. GILMAN, Brown University, Providence, Rhode Island 


The department of Questions and Discussions in the Monthly is open to all forms of activity in 
collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the department of Problems and Solutions. 


A NOTE ON GEOMETRICAL APPLICATIONS OF COMPLEX NUMBERS 


By S. A. ScHELKuNOFF, Bell Telephone Laboratories Inc. 


The writer was greatly pleased with Professor L. L. Smail’s suggestion 
of geometric problems for illustrating the use of complex numbers.' On several 
occasions in his teaching (at the State College of Washington) the present 
writer used similar illustrations, although he favored a somewhat more direct 
application of the algebra of complex quantities. The purpose of this note 
is partly to point out the difference in the two methods of approach but mainly 
to say another word for the cause. To make the comparison of the two methods 
effective, we shall discuss some of the problems treated by Professor Smail. 

It is hoped that in this way we can illustrate the effectiveness of the algebra 
of complex numbers in certain types of geometric problems. We wish to em- 
phasize the fact that in the following proofs we do not separate the real and 
imaginary parts of complex numbers and that thereby we obtain simple and 
elegant demonstrations. It is readily granted that in some problems such 
separation, evidently preferred by Professor Smail, is advantageous. However, 
even in treating problems involving distances, it is often convenient to use 
conjugate complex numbers to avoid the separation into real and imaginary 
parts. 

In this article we shall make use of the following simple propositions: 


(a) If k is real, then kz and z represent parallel vectors whose lengths are in 
the ratio k:1; 

(b) If 2, and 2 are the complex numbers representing respectively points A 
and B, then }(z1 +22) represents the mid-point of the line-segment AB. 


) 


[272+ 
e( 2 ) 


A(z,) 


Fic. 1 


1 Smail, Lloyd L., Some geometrical applications of complex numbers, in this Monthly, vol. 36 
(1929), pp. 504-511. 
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We shall now prove a few geometric theorems: 


Theorem 1: The line-segment joining the mid-points of two sides of a triangle 
is equal to half the third side and is parallel to it. 


Proof: Let the complex numbers corresponding to the vertices of any 
triangle in reference to some origin be as shown in Fig. 1. Then, the complex 
numbers representing the mid-points E and F are immediately found, and we 
have: EF=3(z.—2). but, we have also: AB=2z,.—2,. Hence, the theorem 
follows. 


Theorem 2: The line-segments joining the mid-points of opposite sides of any 
quadrilateral bisect each other. 


Proof: The procedure is similar to the above. Thus, in the notation of Fig. 
2, the mid-point of EF is represented by the complex numbers, 


D(z) 23 + % 


24+ 2 
A(z) 


Fic. 2 
+ 24) + + = + + + 2), 
and the mid-point of MN is represented by 
+ 20) + + 24)} = + 22 + 25+ 2), 


which is equal to the above. Hence the theorem is proved. 
The complex number representing P can be also written as follows: 


+ 22 + 23 + 24) = + 2) + + 


where 4(z:+23) evidently represents the mid-point K of the diagonal AC and 
3(g.+2,4) the mid-point L of BD; hence P is also the mid-point of KL. 
Thus, we have the following: 


Theorem 3: The mid-point of the line-segment joining the mid-points of the 
diagonals of a quadrilateral coincides with the point of intersection of the line- 
segments joining the mid-points of opposite sides of the quadrilateral. 


ut) 
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Theorem 4: The lines joining mid-points of adjacent sides of a quadrilateral 
form a parallelogram. 


Again, referring to Fig. 2, we have: EM=}3(z3;—2:), and NF=}(2;—2,), 
which proves that EM and NF are parallel and equal in length. Hence, the 
theorem follows. 


ENRIQUE CRUCHAGA’S SOLUTION OF THE QUARTIC EQUATION 


By RaymMonp GarVER, University of California at Los Angeles 


In the last paragraph of a short paper which was published recently in 
this Monthly,! I mentioned a solution of the quartic equation which seemed to 
me to have some advantages over the usual solutions, at least from the stand- 
point of presenting the matter to a class in the theory of algebraic equations. 
The details, which I did not give at that time, may be summarized as follows. 

If we consider the general quartic in the reduced form 


(1) x4 + + + a, = 0, 


with roots, x1, X2, x4, X4, the following identities may be written: 


(2) 2x1 = (x1 + x2) + (x1 + x3) + (x1 + x4), 
2x2 = (x2 + x1) + (x2 + %3) + (x2 + x4), 
2x3 = (x3 + x1) + (x3 + x2) + (x3 + x4), 
= (x4 + x1) + (x4 + x2) + (x4 + 43), 


or, putting +x2=k), x1 +%3=ke, +x4=hs, 

(3) 2x, = ki + ko + ks, 
2x2 = ki — ke — ks, 
2x3 = — ki + ke — ks, 
2x5 — ko 


The four roots are thus expressed in terms of three quantities which are, in 
turn, square roots of the three roots of a cubic equation which is easily set up. 
For, knowing the values of the symmetric functions of the roots of (1), it 


1 Vol. 35 (Dec. 1928), pp. 558-560. 
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is not difficult to compute the sum of k?, ke, and k?, the sum of their products 
taken two at a time (this is the only step that is at all long), and their product. 
The equation of which they are the roots is found to be 


(4) + 2ay? + (a? — 4as)y — a? = 0. 


Now to solve (1), we set up and solve (4). Either square root of any root 
of (4) may be taken as &h, for it is the sum of two of the roots of (1), and either 
square root of either remaining root of (4) may be taken as kg, for it is the sum 
of two of the roots of (1), and has one of these in common with k;. Hence we 
may consider the roots of (1) numbered so that kj} =x,1+%2, ke=%1+%;. Now 
ks is one of the square roots of the third root of (4); it is determined uniquely 
by the fact that the product (*1+%2)(%1+%3)(x1+44) must equal —a;. (To see 
this, expand the product and use elementary symmetric functions, as in setting 
up (4).) After ks is chosen properly, the roots of (1) are given by (3). 

I made no claim that this method was original, for it seems to be a natural 
enough presentation. It now turns out that it has actually been published 
before, by Enrique Cruchaga, in the Anales de la Universidad de Chile (2.? serie, 
1.°° Trimestre, 1927, Afio V, p. 225). And since Senor Cruchaga writes that a 
search of the literature leads him to believe that no similar solution had ap- 
peared in print previously, it is only fair that the method should be attributed 
to him. His presentation differs in a few minor details from the above; he starts 
with a non-reduced quartic instead of (1), and obtains (4) by a different device. 
This consists in writing 


(5) (x1 + x2) + (x3 + x4) = 0,! 
+ (X1 + X2)(%3 + X4) + = Ae, 
+ X4) + + = — 


3X4 = 


and setting u=x\X2, v=x,:+%2. We then have x3+x,=—v, 4=a,u7!, and 
the second and third equations of (5) can be written with u and »v, after which 
u can be eliminated. A sextic in v results, which is simply (4) with y=v?. Its 
roots are ky, ko, ks, and their negatives. It is also closely related to the resolvent 
sextic (solvable as a cubic) which appears in Descartes’ solution of the quartic; 
its roots are twice the corresponding roots of the latter. Thus if Descartes’ 
resolvent is used expressions for the roots similar to (3) will hold, but without 
the factor 2 on each lefthand side.? But in Descartes’ solution the resolvent is 
obtained quite differently. 


1 Using the reduced quartic (1) at once involves no real loss in generality. 
* See L. E. Dickson, First Course in the Theory of Equations, 1922, p. 52. 


1930] RECENT PUBLICATIONS 305 


RECENT PUBLICATIONS 


EDITED BY RoGER A. JoHNsoN, Hunter College of the City of New York. 


All books for review should be sent directly to the editor of this departmeni and not to any of the other 
editors or officers of the Association. 


Foundations of Geometry and Induction. By Jean Nicod; translated by Philip 
Wiener. Harcourt, Brace, and Company, New York, 1930. 286 pages. 
$5.00. 


This book, which lies in the no-man’s-land between philosophy and mathe- 
matics, consists of two independent treatises: “Geometry in the Sensible 
World” and “The Logical Problem of Induction.” In his introduction to the 
former, M. Nicod states that he is concerned with the réle of physics as an ex- 
pression of sensory experience, and proposes “to ascertain in what way geometry 
is an aid to physics; how its propositions are applied to the order of the per- 
ceived world; how knowledge of them helps us in the formulation of experi- 
ments and laws.” He effects this examination by studying the geometries, or, 
indeed, the systems of physics, which might be constructed by hypothetical 
organisms variously simplified with respect to sensory faculties, and by then 
applying the results of this study to the more complicated human situation. 

He opens by acquainting the reader with the nature of pure geometry as 
the study of certain logical systems any one of which may admit of an in- 
definite variety of applications, or solutions, in the concrete world. He then 
discusses various relations between geometries, notably that of inseparability, 
by which he means the relation obtaining between two geometries such that 
entities satisfying the axioms of the first geometry can be defined by purely 
logical means in terms of entities satisfying the axioms of the second geometry, 
and vice versa. He then discusses Whitehead’s geometry of volumes, and shows 
it to lie in the relation of inseparability, in the above sense, with the ordinary 
point geometry. 

The next five chapters constitute a thesis on the relations of sense data, 
the purpose of which is to justify the applying “of the categories of logic to the 
flux of sensation.” It is here that Nicod makes the crucial point in his recon- 
ciliation of logic with perception. He shows that a sense datum can be interior 
to another without forming one of the latter’s essential parts. Interiority is a 
simple relation between sense data as such, and does not presuppose more 
fundamental reality in referent than in relatum. This paves the way philo- 
sophically for the construction of fictions, such as points, lines and planes, 
out of sensed objects occupying volumes, and endows such abstractions with the 
same validity enjoyed by classes. 

He now turns to his artificial universes, the first and simplest of which is 
that perceived by a being capable of locomotion along an open curve, and 
endowed with but one sense, audition. Every location on the curve is char- 
acterized by asound. The organism, by means of the relations of succession and 
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global (complete) resemblance, contrives a complete one-dimensional geom- 
etry. The idea of local identity is derived from the matter of a symmetric 
sequence of sounds, indicative of complete retracing of steps. Here we have 
thinghood in its minimum essentials. Nicod then complicates the situation by 
locus nodes and bifurcations, and finally extending it to two and three dimen- 
sions. 

The next monster dwells in a plane and is capable of no sensation except 
kinaesthesis. He constructs, quite ingeniously, a complete plane geometry 
identical in form with the Euclidean. Liberated to space, he meets with similar 
success. But of especial significance is the fact that in all of the above situations, 
from the simplest on, it has been possible for the organism to construct ad- 
ditional geometries, identical in form with the first, but concerned with second- 
ary logical constructions out of sense data instead of with the more obvious 
entities of perception. 

Thus Nicod proceeds through universes of increasing complexity, ending 
with a geometry of perspectives constructed by an animal who sees while at 
rest but not while in motion. He leaves it to the reader’s imagination to 
multiply the complexities sufficiently to derive therefrom the world we live in. 
By the device of illustrative simplification he has thrown philosophical light 
on the manner in which a geometry may admit of multifarious applications in 
the same universe. Above all, he has made a significant step in the task of 
relating pure geometry to pure experience. 

The second part of the book, The Logical Problem of Induction, is a quite 
rigorous criticism and extension of prevalent theories of induction, chiefly 
that of Keynes.! The bulk of the work is divided into a discussion of (1) 
induction by invalidation (elimination of alternative laws) and (2) induction by 
confirmation. For the operation of induction of the first type, Nicod finds it 
necessary to postulate determinism; i.e., for any character A, that “any case 
of A is the case of some other character X every case of which is a case of A.” 
This assumed, every case of A furnishes a group of potential laws, the true one 
of which may be found by invalidating all the rest. He does not add explicitly 
what the ensuing matter reveals to be intended; viz., that the class of potential 
“causes” of A—the range of X in the above—must in some wise be limited so 
as to include only a finite number of eliminands. Otherwise, elimination would 
make no progress. Such a restriction of X to the class of “feasible causes,” 
however, would seem to the reviewer to introduce an extra-logical element of 
common sense. 

The author then examines the complications introduced by plurality and 
complexity of causes, in the presence of neither of which can elimination be 
complete. He devises principles, however, to act against each of these ten- 
dencies. The first, directed against complexity, assumes that the improbability 
of p-fold complexity increases with p. The second, directed against plurality, 


1 A Treatise on Probability, London, 1921. 
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is analogous. Multiplying of instances thus, through the joint operation of 
invalidation and of increased protection against disruptive complications, 
increases probability indefinitely, but never beyond the joint probabilities of 
the truth of the two above laws and that of determinism. Still further com- 
plications arise in nature, he shows, inasmuch as our knowledge of the char- 
acters attending an instance is necessarily incomplete. Hence an additional 
law would have to be assumed here, namely that, as instances are multiplied, 
the existence of a single character common to the unobserved parts of all 
those instances becomes increasingly improbable. 

Turning to induction by confirmation, he begins, like Keynes, with the 
fundamental axiom that the probability of pg is equal to the product of the 
probability of p into the probability of p. > .g. With this as sole basis, he shows 
that the necessary and sufficient conditions, in order that the probability of a 
law be increased by a verification, are that (1) the law possess some initial 
probability, and (2) the verification possess some initial improbability. He goes 
on to demonstrate that one more condition, besides that of existent initial 
probability, is necessary and sufficient in order that the probability approach 
certainty as the instances of successive verification are multiplied without 
limit; this condition is that the verification of a false law in an infinite number 
of successive instances is infinitely improbable. Then comes destruction of 
various of Keynes’ deductions, and a conclusion pointing out that induction 
by elimination cannot surpass a mediocre probability, and that even in- 
duction by confirmation has not been demonstrated to yield infinite probability 
except on the basis of certain assumptions. 

At occasional passages in the book, the manner of exposition is lacking in 
clarity and preciseness. Confusion of “any” with “every,” of “includes” with 
“is included by,” and similar inaccuracies, whether due to author or to trans- 
lator, render the perusal labored at points. The organization of the treatise on 
geometry is not all that might be desired, for, although all three sections 
thereof vitally concern the same general problem, yet their real mutual 
significance does not enter the structure of the treatise in the closely knit 
fashion that one would expect. One misses the skilled pen of a Russell. The 
thought behind Nicod’s work, however, is rigorous and painstaking, and the 
matter presented is of considerable interest and unquestionable importance. 


W. V. QUINE 


Geometrische Konfigurationen. By Friedrich Levi. S. Hirzel, Leipzig, 1929. 310 
pages. 

The bulk of the energy of the American graduate student of mathematics 
is used in learning the essentials of algebra, analysis, and geometry. After he 
gets settled in his life-work, he seldom feels the urge to go through a lot of 
memoirs in the periodical literature to find out what a certain branch of his 
study is about. In the absence of a comprehensive, unified theory, there will 
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be few texts to guide his path, and probably he will forego exploration in that 
direction altogether. 

Until the publication of Dr. Levi's text, this has been the case with refer- 
ence to configurations. The author, in his preface, expresses the hope that the 
few topics he has selected will beguile more mathematicians into a study of 
configurations. He bears in mind the necessity of assuming more maturity than 
knowledge in his readers, and promises to unveil the hidden connections be- 
tween group theory and analysis situs, combinatorial topology and geometric 
figures. He plans a second book, to cover gaps in the present text. 

Without precedents to follow in his choice of subjects to be included, 
the author has consulted his personal tastes. The fifty odd-pages devoted to the 
Pascal diagram seem disproportionate, unless it be regarded as a case study 
exhibiting the rapidity and smoothness with which the classical results are 
unfolded by the notation and methods of the text. 

Chapters I and II offer a rapid introduction to group theory and to the 
foundations of combinatorial topology. In his desire for conciseness, Levi may 
perplex a neophyte. At the high-school age of mathematical development, it 
may be permissible to define a rectangle as a parallelogram possessing four 
right angles, but when an author compresses three distinct postulates and a bit 
more into a singie assumption, as in Levi’s definition of group, it is questionable 
whether the average student benefits by the ellipsis. On pages 25 and 26 are 
two important notational conventions, which might be overlooked by a 
student eager to plunge into the material of the text proper. 

After the two introductory chapters come a pair on the “simplest projective 
configurations,” and “polyhedral configurations.” Among the suggestive 
sub-heads we find Mébius tetrahedra, and three dealing with various aspects 
of the Desargues configuration. To the fifth chapter, “The Pascal Figure,” 
we have already alluded. The last chapter discusses regular polyhedra, rotation 
groups, etc., in Euclidean, and non-F-uclidean spaces. 

There are 58 well drawn figures in the text. 

The French have a proverb, “C’est le premier pas qui coite!” The mathe- 
matical world is indebted to Dr. Levi for making this first text upon a fascinating 
topic. 

CHARLEs A. Rupp 


Sir Isaac Newton, 1727-1927. Edited by Frederick E. Brasch. Williams and 
Wilkins Company, Baltimore, 1928. ix+351 pp. 


The two hundredth anniversary of the death of Sir Isaac Newton was the 
occasion for the publication of a series of essays which were first presented at a 
joint meeting of the History of Science Society, the American Mathematical 
Society, the Mathematical Association of America, and other organizations 
on November 25 and 26, 1927, the actual anniversary having occurred on March 
20 of that year. The purpose of the volume is expressed in its sub-title “A 
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Bicentenary Evaluation.” This appears again and again in the titles of the 
essays. For example, Professor Birkhoff writes on “Newton’s philosophy of 
gravitation with special reference to modern relativity ideas;” Professor W. W. 
Campbell on “Newton’s influence upon the development of astrophysics” ; 
Professor Ernest W. Brown on “Developments following from Newton's 
work.” 

It was decided that each essay should be sufficiently popular to appeal 
to educated readers who are not highly trained in the particular topic under dis- 
cussion. This was a necessary provision. Otherwise, Newton’s influence in 
such fields as economics and theology would have been ignored or else the 
majority of readers would have been unable to profit from each of these 
discussions of Newton’s contributions. It inevitably follows that these essays 
are uneven in this respect, some being much more popular in character than 
others. But in no case has the general policy been disregarded. 

There is an occasional repetition of incident or of quotation as, for example, 
Newton’s characterization of himself as a child playing on the sea-shore, per- 
haps finding a prettier shell than ordinary, while the great ocean of truth lay 
all undiscovered before him. These repetitions may best be explained by the 
circumstances of the preparation of these papers, and the deletion of these pas- 
sages by the editor would doubtless have done greater harm to the individual 
contributions than it would hove done good to the volume as a whole. 

In the first of these essays, Professor David Eugene Smith raises a number 
of questions regarding Newton and his appraisal by posterity, thus stimulating 
the reader to a more lively interest in Newton’s achievements than he would 
have had had he been allowed to continue in the usual placid and perhaps un- 
thinking acquiescence to Newton’s preéminence. These queries, substantiated 
by the lack of a definitive edition of Newton’s works although England has so 
honored lesser men, and backed by comments by various biographers, whet 
one’s curiosity to know of Newton's work in optics as given by Professor Dayton 
C. Miller, to read of Newton’s dynamics as discussed by Professor Pupin, 
to hear Professor Newell’s comment on Newton’s work in alchemy and 
chemistry, and Dr. Heyl’s description of Newton as an experimental philoso- 
pher, and to have Newton’s often condoned career in London evaluated by 
George F. Roberts, a banker and sometime director of the United States Mint. 

To the student of the history of mathematics, perhaps the most interesting 
articles are those of Professor Cajori, the one dealing with fluxions, and the 
other studying Newton’s delay of twenty years in announcing the law of 
gravitation, and producing evidence that this delay was not due to the tradi- 
tional reason of the need for a more accurate determination of the radius of the 
earth. 

The scientist will perhaps be surprised to find that Newton had a place in 
the history of religious thought. Here, Professor George S. Brett of Toronto 
writes that “in bulk Newton’s theological writings are as big as his scientific 
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writings, that his interest was as keen, and that he felt no shadow of doubt 
about the importance of the subjects he undertook to elucidate.” 

Further, those who are apt to overlook the beginnings of scientific work on 
this side of the Atlantic will be interested in Dr. Brasch’s account of Newton’s 
first critical disciple in the American colonies. 

The work closes with an appendix which lists the principal materials relating 
to Newton and his contemporaries that were exhibited in the Museum of Na- 
tural History in New York at the time of the meeting at which these essays were 
presented. A valuable feature of this list is the grouping of the items according 
to the collections from which they were gathered: the Babson Institute, Mr. 
Plimpton’s library, Professor Smith’s collection, and Yale University. Only a 
brief note appears regarding the material concerning Newton’s predecessors in 
England and on the continent, exhibited in a corridor leading to the room where 
the meetings were held. It is perhaps not out of place, however, to repeat the 
comment of one speaker who quoted Newton’s remark that if he had seen far- 
ther than most, it was because he had stood on the shoulders of the giants, and 
who then dubbed this passage the “Giants’ Causeway.” 

VERA SANFORD 


A Source Book in Mathematics. By David Eugene Smith. McGraw-Hill Book 
Co., New York, 1929. 701 pages. 


A series of source books in the history of the sciences under the general 
editorship of Gregory D. Walcott was made possible by a grant of $10,000 to 
the American Philosophical Association in 1927 by the Carnegie Corporation of 
New York. These volumes when completed are “to present the most significant 
passages from the works of the most important contributors to the major 
sciences during the last threeor four centuries.” The volume dealing with mathe- 
matics, compiled by a special committee under the supervision of David Eugene 
Smith, has recently been published. 

The material in the “Source Book in Mathematics” covers such an extensive 


range that the book will be of use to teachers and students in preparatory - 


schools as well as in colleges. The selections illustrate in a most illuminating way 
the theory and the processes that lie at the foundation of many of our most 
important mathematical concepts. In the earlier excerpts we find the style 
quaint and frequently amusing. Indeed several articles are so non-technical 
in character that they will be enjoyed by the general reader. A group of the 
most entertaining include: several pages from two famous arithmetics; the 
Treviso arithmetic, the first one to be printed, and one written by Robert 
Recorde as a dialogue called “The Ground of Arts”; passages from Berkeley’s 
“Analyst” addressed to an “Infidel Mathematician” wherein he denounces 
certain alleged inconsistencies of the calculus; and Bernoulli’s celebrated verses 
on infinite series. 

It may be well to consider first the distribution of the material among various 
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sub-fields of mathematics and then to comment on some other aspects of 
interest presented in the collection. It will be seen that the majority of these 
passages deal with subjects in the high school or undergraduate curriculum. 
The author states in his preface that one of the difficulties in preparing a source 
book of this kind is the fact “that the general plan allows for no sources before 
the advent of printing,” and “this eliminates most of the mathematics before 
the invention of the calculus and modern geometry,” thus excluding the major- 
ity of the sources of elementary mathematics. However the table of contents 
displays this goodly list of topics that are included in the high school course of 
study: decimals, the first use of 7, exponents, binomial theorem, imaginary 
roots, cubic and biquadratic equations, logarithms, continued fractions, deter- 
minants, combinations, numerical equations, laws of sines and cosines, and 
other trigonometric formulae; taken from the works of Stevin, Jones, Wallis, 
Newton, Cardan, Napier, Bombelli, Leibniz, Bernoulli, Horner, Regiomon- 
tanus, Pitiscus, Clavius and DeMoivre. 

Among the topics in advanced algebra are some of the most important 
contributions:of Abel, Gauss, Galois, and Rolle to the theory of equations. 
Passages on projective and modern geometry are taken from the writings 
of Desargues, Pascal, Gauss, Poncelet, Brianchon, Feuerbach, Cremona, and 
Lie. The selections on calculus and function theory have been chosen from the 
works of Cavalieri, Fermat, Newton, Leibniz, Euler, Hermite, Cauchy, Ber- 
noulli, Abel, Bessel, and Mébius. Number theory is quoted from Euler, 
Gauss, Fermat, Dedekind, Kummer, and Chebyshev. Five articles dealing with 
the subject of probability are included, the first of which contains portions of 
the correspondence between Fermat and Pascal, wherein the foundation of the 
subject is laid. Others quoted are DeMoivre, Legendre, Chebyshev, and 
Laplace. The reason given in the preface for allowing this amount of space to 
this topic is “the present interest in the subject in connection with statistics.” 
Interesting articles have been selected on a wide variety of special subjects, 
such as: certain historic computing devices and calculating machines; the slide 
rule; Peaucellier’s cell; Bernoulli's numbers; quaternions; non-Euclidean 
geometry; and five brief but significant excerpts from the memoirs of Mébius, 
Cayley, Cauchy, Sylvester, and Clifford on geometry of four or more dimensions. 
The author explains in the preface that since worthy treatments of symbols, 
algebraic equations, and number theory can be found in books recently pub- 
lished these subjects are not discussed at length in this volume. 

As we lay aside this splendid collection of excerpts from the work of eminent 
mathematicians who contributed so much to their field in the four and one half 
centuries closing with the year 1900, it is with a mingled feeling of satisfaction 
and regret; satisfaction that these epoch making passages are now available 
in such a useful and pleasing form, and regret that there is but one volume. 
The field of mathematics is so wide that as the author states, “It would be an 
easy thing for any one to name a hundred excerpts that he would wish to see 
included.” Moreover the author reminds us that it is not an easy task to find 
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“material that is not so ultra-technical as to serve no useful purpose for any 
considerable number of readers,” and also the question of whether the “source 
material is stated succinctly enough for purposes of quotation has to be 
considered.” Nevertheless the reviewer ventures to suggest that in view of the 
fact that this collection contains five articles on hyper-geometry, three on non- 
Euclidean geometry and two each on the following: binomial theorem, slide 
rule, law of sines, and the nine point circle, it might have been well to sacrifice 
a few of the duplications in order to include some of the topics that are omitted, 
such as; the metric system, hyperbolic functions, elliptic functions, Fourier’s 
series, invariants, modular analysis, postulates, calculus of variations, differ- 
ential geometry, and point sets. In addition to this duplication of subject mat- 
ter, certain mathematicians are favored with several quotations, while others 
who are also among the foremost contributors to the science of mathematics 
are not mentioned. Among these omissions we note the following: Cantor, 
Dirichlet, Gibbs, Gordan, Jacobi, Klein, Kronecker, Lagrange, Lambert, 
Maxwell, Peano, Pliicker, Ruffini, Von Staudt, and Weierstrass. 

Certain items concerning the general plan of the book should be noted. 
The articles, more than ninety in number, are about equally divided among the 
fields of number, algebra, geometry, calculus, and function theory, with the 
exception that the geometry of the last century is emphasized somewhat, 
although this perhaps is not surprising since the term geometry covers a large 
variety of quite different phases of the subject. Classified by centuries, two 
mathematicians of the fifteenth century are quoted; seven of the sixteenth 
century; thirteen of the seventeenth century; nine of the eighteenth century; 
and thirty-two of the nineteenth century. Historical notes at the beginning 
of each article give the principal facts concerning the author’s life and explain 
the important contribution to mathematics contained in the selection quoted. 
The footnotes are frequent, elucidating the topic still further and providing 
many references for a more detailed study of the subject. Moreover the 
excerpts have been chosen and translated by prominent mathematical scholars 
and hence may be relied on as unquestionably accurate and authentic. The 
book contains eight full page portraits and many illustrations and diagrams. 
Very few misprints have been noted. A volume as attractive as this in form 
and in content is certainly destined to arouse interest in mathematics and its 
history and hence deserves an honored place in every mathematical library. 

L. P. COPELAND 


Compléments et Exercices sur la Mécanique des Solides. By Georges Bouligand. 

Paris, Librairie Vuibert, 1929. viii+132 pages. 

The aim of this book is to fill in a gap between the author’s tome I, Précis 
de Mécanique Rationnelle (Paris, Vuibert, 1925) and the forthcoming tome II, 
and to aid students preparing for the agrégation. 

The book is divided into two parts, the first dealing with kinematics, and 


| 
| | 
| 
| 

| 


1930] RECENT PUBLICATIONS 313 


the second with the theory of friction and impact with friction. This part is 
supplemented by a series of rather complicated problems taken from recent 
agr égation examinations. 

In the first part we find the elements of the theory of the motion of a plane 
on a plane, followed by an application to a definite problem. The more com- 
plicated problem of the motion of a solid is not treated in general, but is il- 
lustrated by exercises on rolling without sliding and rolling with sliding. 

In the second part, which takes up most of the book, the author insists upon 
the convenience of the use of the Lagrangian equations in general, along with 
the possibility of obtaining the forces of constraint without the use of Lagrange 
multipliers in many problems. The treatment of the theory of friction, while 
classic, is yet interesting because Professor Bouligand states clearly the funda- 
mental hypotheses in the special cases of sliding, non-sliding, and in the general 
case of sliding, rolling, and pivoting. Many problems are given to illustrate 
various possibilities, and to bring to light the shortcomings of the theory. A 
geometric form is given to the discussion of impact with friction, along the 
iine of two articles by Pérés in the Nouvelles Annales, tome II, series 5, pages 
98-108, 216-231, and the assumptions are, again, clearly put into evidence. 

The theory of friction and impact with friction is followed by a note on 
unilateral constraints, in which the method of Delassus is developed, both 
analytically and geometrically, for the case of a holonomic system with two 
or more unilateral constraints. The book is completed by 14 problems with brief 
indications of their solutions. 

In checking over the problems incorporated in the main text the reviewer 
found a few typographical errors, as follows: 

On page 63, formula (2) should read ¥’=)/sin?@ instead of y!=b/sin @. 

On page 67, in line 1, 0’0 should replace 00’. 

On page 68, in line 7, 1+/?/B+a?/A should replace 1+//B+a/A. 

On page 75, in line 30, R, = Mg cos a should replace R, =fMg cos a. 

On page 82, in line 28, (—ab/mk?){Ydr should replace (—2ab/mk?) Ydr. 

On page 86, in the last line, Adp/dr=cY—bZ should replace AdP/dr 
=cY—bxX. 

On page 112, in line 4, d?f/df? =0 should replace d?f/di?>0. 

On page 43, the auxiliary variable z introduced in the process of integration 
is not the z coordinate of page 42. 

This book, like the others of Professor Bouligand, is very carefully written. 
The judicious use of vector analysis and geometric discussions should make the 
book appeai to those who give graduate courses in mechanics, as well as to 
those who wish to make a technical use of the theory. The author is to be 
commended for stating very clearly his assumptions and stressing the danger 
of following too blindly those who “invoquent |’intuition mécanique (la meil- 
leure et la pire des choses!).” We shall look forward with interest to the pub- 
lication of tome II on the mechanics of continuous systems. 


W. E. BYRNE 


__ 
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Standard Table of Square Roots. By L. M. Milne-Thomson. London, G. Bell 
& Sons, 1929. $1.75. 


This is a table of “the square roots to eight significant figures of all four- 
figure numbers, with printed differences,” to quote the sub-title. From the 
preface: “The table is arranged with the square roots of x and 10 x side by side, 
four hundred roots at each opening..... A printed decimal point has been 
given to make the values perfectly definite... .. Each value has been printed 
in full so that it may be transcribed with the minimum of effort.” 

The explanations give directions for interpolation; it appears that in most 
cases simple interpolation gives eight correct figures, and in the cases where 
second differences must be used, a simple table of corrections is available. 

In the preface the statement is made that the table was originally prepared 
for the author’s own use, and was used in manuscript form in preparing tables 
of elliptic functions which are to be published in the near future. For this 
work it was necessary to determine square roots to fourteen figures, and the 
explanation shows how these may easily be found from the tabulated eight- 
figure values, by a simple and well-known rule. Namely, if 7 is a close ap- 
proximation to x'/?, then a much closer approximation is r’=}(r+x/r); if the 
error in 7 is e, that of r’ is e?/2r. Hence if the table yields a square root 
correct to eight places, the operation of this formula yields fourteen correct 
figures. With a calculating machine, the work is easy. 

R.A. J. 


PROBLEMS AND SOLUTIONS 


Edited by B. F, Finkel, Otto Dunkel, and H. L. Olson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscript should be typewritten, with double spacing, and with margins at least one inch wide. 


PROBLEMS FOR SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks or results found in readily accessible sources, will not 
be proposed as problems for solution in the MoNnTHLY. In so far as possible, however, the editors 
will be glad to assist members of the Association in the solution of such problems. 


3432. Proposed by Vladimir F. Ivanoff, San Francisco, California. 

Given m points, Ai, An ina plane. Arbitrary lines, A;A;, 
are drawn (joining pairs of these points) provided that they do not intersect 
each other. Prove that, regardless of the relative positions of the given points, 
the possible number of lines is 3(7—2) if n23. 


3433. Proposed by Thurman Andrew, Jamaica Plain, Mass. 
Consider three elastic rods of equal lengths and cross sectional areas. 
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The cross sections have the forms of a circle, an equilateral triangle and a 
rectangle whose long side is twice the diameter of the circle. What will be the ratio 
of the torques required toturn them through a given angle about their axes? What 
is the shape of the solid rod which requires the greatest torque? The elastic limit 
is not to be exceeded. 


3434. Proposed by Harry Gwinner, Baltimore, Maryland. 
Evaluate 


lim. 


x—0 


3435. Proposed by H. K. Hughes, University of Michigan. 
The function F(z) defined by the series 


n 


F(z) = 
T'2(n + k) 
where k is any constant, real or complex, satisfies the differential equation, 


2?-F’"(z) + (2k — 1)-2-F’(z) + (Rk? — 3k — 2)F(z) = + 


Find the general solution of this equation and determine the arbitrary con- 
stants so as to obtain the particular solution given by the above series. 


3436. Proposed by Eugene M. Berry, Lynchburg College. 

Let p, g, and r be concurrent lines. Through any point on p draw lines 
p', a, b, c, d, such that p’ is perpendicular to p and that angles ab and cd are 
bisected by p. ‘Show that the line ag-dr meets the line cr-bg on p’ and meets the 
line cq-br on p. 


3437. Proposed by Nathan Altshiller-Court, University of Oklahoma. 

A variable circle passes through a fixed point and is tangent to a fixed circle. 
Prove that the diametric opposite of the fixed point on the variable circle de- 
scribes a central conic of which the fixed point is a focus and the fixed circle is 
the auxiliary circle. 

State and prove the converse of this proposition. 

State the corresponding propositions for the parabola. 


3438. Proposed by the late F. P. Matz. 


Solve 
dy/dz cos wdw 1 
f = — tan—! (x). 
0 16 + 9 sin?w 12 


3439. Proposed by W. H. Rasche, Virginia Polytechnic Institute. 
In the Pecqueur Bibasal Sextic Spur-Gear Train, one of the 105 angular 
velocity ratios which are associated with it is 


(1) Nsi/ Nor = (22%425%6)/ (222424 28 — — 24 ), 
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in which the eight 2’s designate the numbers of teeth on the eight gears of the 
train. In designing such a train the z’s must be chosen in accordance with the 
following fundamental requirements: 

(A) All of the 2’s must be positive integers. 

(B) No gz may be less than a certain minimum, say 12, nor greater than a 
certain maximum, say 60. 

Four questions now present themselves, in answering which it must be 
remembered that whatever special conditions may be imposed on equation 
(1), general conditions (A) and (B) must always be satisfied. The four questions 
are: 

(1) Between what limits lie the possible numerical values of the ratio 
Nsi/ Ne? 

(II) For an assigned, allowable value of the ratio N3:/Ne:,—say for the value 
1,000,000, if that should prove to be an allowable value,—select the 2’s. 

(III) If possible, so select the 2’s that the special condition 


N3:i/No = + 22242526 
will be satisfied. 

(IV) If possible, so select the 2’s that the following special requirements will 
be simultaneously fulfilled: (a) the ratio N3:/ Ne: is to have an assigned numeri- 
cal value,—say 3,373,785 (=1809 1865) if that should prove to be an allow- 
able value; (b) the sum 2.+23+ 23’ +25 is to be a minimum. 


3440. Proposed by A. Pelletier, Montreal, Canada. 

A triangle is circumscribed about a circle. Prove that the following three 
lines are concurrent: (1) the line joining the points of contact of any two sides; 
(2) the line joining the points of intersection of these sides with the bisectors 
of the opposite angles; (3) the line joining the feet of the altitudes on these 
sides. 


SOLUTIONS 


2954 [1922, 81; 1930, 94]. Proposed by C. N. Mills. 

A machine-gun is placed on an armored train which is moving with a 
velocity v feet per second along a straight horizontal track. The muzzle velocity 
of the bullets is v feet per second. Find the greatest range, (1) in front and 
(2) behind the train. 


Solution by Frank L. Wilmer, Odebolt, Iowa. 


Let s denote the horizontal, and h, the vertical distance travelled by a 
bullet in the elapsed time ¢. Let a denote the angle of elevation of the gun, and 
T the time for the range R. Then s=v(1+cos a) t, h=v sinat—}gi?, and 
v sin a—3gT=0. Hence 


R = 2v*g(1 + cosa) sina. 


For the maximum range we have 
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dR/da = 2v*g-'[cos a + (2 cos? a — 1)] = 0. 


Then, for the maximum range, in front: cos a=}, a=60°, and R=33/2y?/2g; 
in the rear: cos a=1, a=0, and R=0. 
Also solved by B. W. Carrie and Paul Wernicke. 


2963 [1922, 129]. Proposed by Nathan Altshiller-Court, University of Okla- 
homa. 

Through a given point to draw a line so that the sum of the squares con- 
structed on the two segments cut off by it on the sides of a given angle should 
be equivalent to a given square. 


II. Solution by the Proposer. 
Let AC=b, AB=c be the segments cut off by the required line BCD, 
through the given point D, on the sides AC, AB of the given angle, A. Denoting 
AD by d and considering the areas of the triangles ABD, ACD, ABC, we have: 


cd sin BAD+6d sin DAC=bc sin BAC. 


We also have, by assumption, b?+c?=s?, where s is a given quantity. If we 
divide both sides of the first equation by dc sin BAC, both sides of the second 
equation by d?, and put b/d=x, c/d=y, sin BAD/sin BAC=p, sin DAC/sin 
BAC=q, s/d=r, these two equations become: 


px +qyt= e+y=r?, 
where ~, q, 7 are known quantities. Solving these two equations simultaneously 
we shall obtain the values of the ratios x, y of the required segments 8, ¢ to 
the given segment d. 

The elimination of one of the unknowns between the two equations leads 
to an irreducible biquadratic equation. It follows that the proposed problem 
cannot, in general, be solved by ruler and compasses. Such a solution may, 
however, be possible, in some special cases, as for instance, when p=g, i.e., 
when the point D lies on one of the bisectors of A. 

See also the solution on p. 172 of vol. 36 (1929) of this Monthly. 


3034 (1923, 276; 1930, 94). Proposed by the late J. L. Riley, Stephenville, 
Texas. 

If every root of the equation f’(x) =0 be subtracted from every root of the 
equation f(x) =0, find the sum of the reciprocals of the differences. 


Solution by Andrew G. Clark, Colorado Agricultural College. 
Assuming that f(x) is a polynomial of degree », we may write 


i=n j=n—-1 


f(x) = (x - 5), 
t=1 j=1 
where a; and 0; are the several roots of f(x)=0 and f’(x)=0 respectivelv. 
Differentiating f(x), we have 


i=n 


= f(x) Da a)". 
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Now, if 5; is any given root of f’(x) =0, and if it is assumed that all the roots 
of f(x) =0 are distinct so that f(b;) #0, it is clear that when x =); in the above 
n 


identity, then x (b;—a;)-'=0, and therefore 
i=1 


i=n j=n—1 


(6; — a)-'=0. 


j=l 


Of course if f(x) =0 has one or more repeated roots, it is obvious to begin 
with that our result is infinity, and the fact that f’(x)/f(x) for x equal b; (a 
repeated root) evaluates to infinity merely adds confirmation. 

Also solved by Raymond Garver, A. Pelletier, O. J. Ramler, Paul Wernicke, 
and F. L. Wilmer. 


3251 [1927, 216]. Proposed by J. V. Uspensky. 
Show that the system 
o(x, vy) =x+y+)> A uxiy'=1, x¢,—ayo,=0, 
where >0,a>0,2Si1+k En. 
has one and only one solution in positive numbers.'! 


Solution by the Proposer. 
The sum >>A xx‘y* is supposed to contain terms of the second and higher 
dimensions. The solution easily follows from the fact that the proposed system 
is entirely equivalent to the system, 


o(x,y) = 0, d(x*y)/dx = 0, 


supposing y defined as a function of x by the first equation. 

To show that this system is satisfied by a couple of positive numbers, x, y 
consider a function of x, namely z=x*y, where y is defined by ¢(x, y) =0. 
For x=0 the equation ¢(0, y) =0 has one root between Oand 1; and for y=0 
the equation ¢(x, 0) =0 has a root between 0 and 1. Denoting by e the least 
positive root of this equation, we readily see that 


2(0) = 0, = 0, 


while for very small positive values of x the equation ¢(x, y) =0 admits of a 
positive root y, so that 2(x) >0 for 0<x<e. Applying Rolle’s theorem we see 
that there exists one couple, x >0, y>0 satisfying the proposed system. To 
show that this couple is unique one can start from the fact that d?(x*y) /dx*<0 
whenever $(x, y) =0, d(x*y)/dx =0, which can be proved as follows: 

The equation $(x, y)=x+y+).A inx‘y*—1=0 is transformed, by the sub- 
stitution z=x*y or y=x~*z, into one of the form, 


O(x,2) = xt + —1 = 0. 


1 This problem was proposed to Mr. Uspensky by a Russian chemist in connection with a 
certain problem in chemistry. 


| 

| 
| 

| 


1930] PROBLEMS AND SOLUTIONS 319 


Here the right hand member can be arranged according to descending powers 
of x as follows: 


where >aj1>0; O>aj41>Qj42 >a&m. The P’s are poly- 
nomials in z with positive coefficients, except P; whose constant term is —1, 
the other coefficients, if there are any, being positive. The system dz/dx =0, 
(x, y)=0 for positive x and y is equivalent to @(x,z)=0, dz/dx=0. But 
(09/dx)+(0)/dz) (dz/dx)=0; therefore 0)/0x=0. To find d’z/dx? we have 
the equation, 


+ = 0. 


But 00/02 is positive for positive x and 2; therefore to prove that d’z/dx? <0 
we must prove that 0°0/dx?>0. We have 


m 
= LP + = 0 


k=j+l 


ax 
or 


(1) D + Prapx = 0. 


k=1 k=j+1 


On the other hand, 


076 I- m 
Ox? bat k=j+1 
and 
29 i- m 
= — + =. P (ae _ 1) x, 
Ox? k=1 k= j+1 
which by virtue of (1) reduces to 
076 m 
= Prat xt + > 0 
0x? kul 


because, for k#j, Px as a polynomial in z with positive coefficients is positive 
for positive 2, 


3363 [1929, 105]. Proposed by Otto Dunkel, Washington University. 

In an urn there are k+1 counters of which one is a blank while the others 
are numbered from 1 to k. A single counter is withdrawn and then replaced, 
and this is continued until there are such drawings. In how many ways may 
the m drawings be made so that in the first r or more drawings only blanks are 
obtained and in the rest of the m drawings no numbered counter is followed by 
as many as 7 consecutive blanks? Also determine in how many ways ” drawings 
may be made so that 7 or more consecutive blanks are drawn. 
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Solution by the Proposer. 


The result of a set of » drawings may be recorded on a straight line AB 
divided into m equal spaces. We shall first count the number of ways in which 
the first r consecutive spaces from A may be reserved for blanks, while in the 
remaining »—r spaces there shall be at least 7 groups such that each group 
consists of a number chosen from the k numbers followed consecutively by r 
blanks. We can select j such groups in k’ ways, and the remaining »—r—j(r+1) 
spaces can be filled in (k+1)"-"-’"+» different ways. There are j groups and 
n—r—jr—j single spaces, and thus n—r(j+1) things which are to be arranged 
in different positions. For a given selection of j places for the j groups we must 
disregard the order in which the groups are placed in these positions, for this 
has already been accounted for in k’. The number of ways of selecting the j 
places is then n~+(j41)C;. Thus 


(1) o; = n—r(j41)C 


‘is the number of ways of having at least 7 such groups and at least r consecutive 
blanks at the start. 

Now consider a given particular way of filling the m spaces in the required 
manner so that there will be precisely p groups of a given composition and 
position. The upper limit for p is the greatest integer in (w—r)/(r+1) which 
we shall denote by [(—1r)/(r+1) ]; the lower limit is zero. This particular case 
will be counted precisely once in ¢o, p times in gi, - - - , pC; times in $;, where 
j<p. We can eliminate the count of this particular case, and any similar case 
of precisely p groups, if we take the sum 


(2) 

i=0 
for in this sum this particular arrangement is counted precisely a number of 
times equal to 


j=p 


(3) 1)4,C; 


j=0 


(1 — 1)? = 0, 


=1, p=0. 


If we denote the answer to the first part of the problem by P2(m), then an ex- 
pression for P2(m) is obtained by assigning to p in (2) its upper limit, for then 
the count of every group will be eliminated, while each and every arrange- 
ment which does not contain a group will be counted precisely once. We shall 
now write the formula for P2(m) replacing j by j—1: 


(4) Pa(n) = 1) pak + = + 1)/(r + 


j=l 


This gives the value of P2(n) for n2r; P2(n) =0 for OSnSr—1. 
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The expression for P:(m) may also be obtained by finding first its difference 
equation and then solving this equation by known methods. This difference 
equation will now be derived. If to each set of ~ drawings counted in P2(m) 
we adjoin at the end each of the & numbers in turn, we obtain kP2(m) cases 
counted in P2(m+1); and these must be all of the cases ending in a number. 
There is just one case in P2(m+1) in which all of the (w+-1) counters are blanks. 
The remaining cases ending in a blank may be obtained by adjoining at the 
end of each case counted in P2(m—j) a number followed by j consecutive blanks. 
There are then kP2(m—j) such cases of j blanks at the end, 1<j<r—1. Hence 


(5) + 1) = k[Po(n) + Pon — 1) +---+ —r+1)] +1, 


where P2(n) =0, OSnSr—1. If we replace by n—1 and subtract the two 
equations we obtain a homogeneous equation 


(6) + 1) = (k + 1)P2(n) — kP2(n — 1), 


where the initial conditions are now P2(n) =0, OSn<r—1; P2(r) =1. This equa- 
tion may also be obtained by a different manner of counting... Adjoin at the 
end of each case counted in P2(m) each of the k+1 counters in turn and we ob- 
tain cases counted in P;(m+1), but also some cases which are to be excluded. 
The cases to be excluded are those cases of P2(m) ending in a number followed 
by r—1 consecutive blanks and to which a blank is adjoined. The number of 
such cases is kP2(n—r). This gives (6) very readily, but the first method is 
preferable since it gives an equation of lower order. 

Consider now the meaning of P:(m+r): this gives the number of ways of 
making m drawings so that no number will be followed consecutively by as many 
as r blanks. The number of ways of making all kinds of m drawings is (k+1)". 
Hence (k+1)"—P2(n+r) is the number of ways of making m drawings so that 
each will have at least one set of a number followed by r or more consecutive 
blanks. Call this number Pi(”). Then 


(7) P,(n) = (k + 1)" as P.(n + r). 


If we denote the answer to the last question of the problem by P3;(n), we 
have at once: 


(8) P3(n) = Pi(m) + P2(n). 


By the use of (4) together with the above relations we may obtain expressions 
for Pi(m) and P;(n). 

We shall now derive a second relation between P,(”) and P2(m). If to each 
case counted in P,(m) we adjoin in turn at the end one of the k+1 counters, 
we shall have cases counted in Pi(m+1), but not all. The remaining cases of 
P,(n+1) are those ending in a number followed by precisely r blanks but con- 
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taining no other set of a number followed by as many as 7 consecutive blanks. 
The number of such cases is precisely kP2(m). Hence 


(9) kP2(n) = Pi(n + 1) — (k + 1)Pi(n). 


From (7) and (9) we may derive the difference equation for Pi(m). It will then 
be easy to obtain the difference equation for P;(m). It will obviously be the 
same equation as for P,(m), but the initial conditions will be different in the 
two cases. 


3399 [1929, 543]. Proposed by B. C. Wong, Berkeley, California. 
Prove or disprove 


where t=r/2 if ris even and t=(r—1)/2 if r is odd. 
I. Solution by T. L. Smith, Carnegie Institute of Technology. 
The general term a; of the summation may be written 

(r+ 1)! (2r — 2i)! 


a; = (- +1—9! — 


The Legendre polynomial is given by summation over the same range: 


r! 


P,(x) = 


r(r — 1)(r — 2)--- (r — 24 

(r — 23)! 

r\(2r — 2%)! 


1) 2i 


— — i)! 


r—2i 


r! 


[(2r — 26-1) 5-3-1] 


= 1) + 1— 


But for the factor (r+1—7), the given sum could be evaluated by merely setting 


x=1. This factor may be eliminated by putting x!” in place of x, multiplying 
the equation by x’””, and then integrating. This gives 


1 1 
(r + f = f (r+ 1 — = doa. 
0 0 


The first integral is easily evaluated by using the relation 
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Li"P,(x) = (1 — 2xt+ 


n=0 


substitute x!/? for x, tx!/? for ¢t, and integrate: 


1 1 
= (1 — 2xt + 
0 0 
1 + + + + + 


whence 
f = 1/2". 
0 


The insertion of this integral gives the result, r+1=) a; 


II. Solution by B. P. Gill, College of the City of New York. 
The stated relation follows from equating coefficients of x’ in the identity, 


(1 + 


(1 — — 


thus, 


r+1 
r+1\/2r — 21 r+i1\/2r — 21 
i=0 1 r— 21 i=0 i r 


See Netto, Lehrbuch der Combinatorik, (Leipzig, 1927), page 252, formula 28. 


III. Solution by Otto Dunkel, Washington University. 

This solution is given to illustrate the method of symbols of operation which 
may be employed frequently to advantage; for this particular problem other 
methods may be briefer. Let the operator U be defined so that U‘f(x) =f(x+); 
then U—1=A, the usual difference operator. Consider the sum 


(1) i(— 


where f(x) is a polynomial of degree m in x. Then (1) may be written 


r+1 

(2) | yu‘ = (= 
i=0 

In the given problem f(x) is of degree r and hence A’t'f(0) =0; also in this case 

f(a) in (1) is zero for all values of i from r to [(r+2)/2] inclusive where [m] 

is the greatest integer in m; but f(r+1) =(—1)"(r+1). Hence for this problem 

we have 
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t 
(3) (— +1, 
i=0 
where t= [r/2]. 
One of the solutions of this problem makes use of the Legendre Polynomial, 
which is written in the form 


1 r 
(4) Prt) =— Hi 
2 
This furnishes a similar problem. With the aid of the above symbols we may 
write 


1 r 
(S) P,(x) = ( 


where A’ operates only on j in the function 2,2;C, x’~*’, and at the end of the. 
operation j is set equal to zero. We may now evaluate P, (1) by observing that 
the function operated upon is of the rth degree and that the coefficient of 7’ is 
(—2)’/r!. Hence it follows at once that 


PA1) = (— 1) > rCiar—ai Ce = 1, 


Also solved by E. S. Knebelman. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
Professor H. W. Kuhn, Ohio State University, Columbus, Ohio. 


The Summer Meeting of the Mathematical Association of America 


The summer meeting of the Mathematical Association of America will be 
held at Brown University on Monday afternoon and Tuesday morning, Sep- 
tember 8—9, 1930, in conjunction with the summer meeting and colloquium of 
the American Mathematical Society. The program will consist of invited 
papers, among these being papers by Dr. W. A. Shewhart of the BellTelephone 
Laboratories on “Random Sampling,” by Dr. J. J. Smith of the General Electric 
Company on “The Heaviside Operational Calculus,” and by G. D. Birkhoff of 
Harvard University on “A Mathematical Theory of Harmony and Melody.” 
The complete program and full details of the meeting, together with reservation 
cards will be sent to members of the Association the latter part of July. 

The schedule of the Society, as tentatively arranged, provides for general or 
sectional sessions on Wednesday, Thursday, and Friday mornings; for the 
Colloquium Lectures by Professor Solomon Lefschetz of Princeton University 
on Tuesday and Thursday afternoons and Wednesday and Friday mornings; 
and for addresses on topics in the general theory of linear operations and integral 
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equations by Professors T. H. Hildebrandt and J. D. Tamarkin on Tuesday 
and Thursday afternoons respectively. 

Pembroke College in Brown University will provide board and lodging for 
many of the visiting mathematicians in two of its dormitories. Provided the 
room is engaged for a minimum of three days, the charge for a single room will 
be $1.50 per person per day and $1.00 per person per day when a room is occu- 
pied by two. Meals will be served in the Pembroke College Cafeteria at a cost 
not to exceed $2.00 per day. Rooms can also be secured at about the same price 
in boarding houses near the campus. Provision can be made for families with 
children at approximately the same rates. Other available hotels and apart- 
ments will be indicated in the full announcement. 

Plans for entertainment include a walk around the old part of Providence 
on Monday afternoon to see the fine examples of early American architecture; 
a reception by the University officials on Monday evening; a joint dinner of the 
Society and Association on Tuesday evening; and an excursion to Newport on 
Wednesday afternoon. At Newport there will be opportunity for swimming, 
for taking the cliff walk, and for partaking of a shore dinner, which is one of 
Rhode Island’s specialties. Tennis on the University courts will be available 
free of charge; the Wannamoisett Country Club will offer the use of its golf 
course at a reduced green fee. An excursion to Lexington and Concord is being 
tentatively planned for Friday afternoon. 

The mathematical library will be open for the use of the members during 
the meetings. A cordial welcome will also be extended to mathematicians who 
may wish to work in the library either before or after the meetings; all its fa- 
cilities will be placed at their disposal and board and room in the vicinity of the 
Brown University campus will be arranged for upon request. 

Providence may be reached conveniently from New York by train or by 
boat, and from all parts of the country by good automobile roads. To those 
who may be interested in visiting this part of the country before the meetings, 
New England offers many and varied opportunities for a summer vacation. 
The transportation companies serving this district have booklets giving in- 
formation concerning their territory, including lists of boarding houses and 
hotels, with their rates. Inquiries may be directed as follows: Concerning 
southern New England, to the New York, New Haven and Hartford Railroad 
Co., Passenger Traffic Dept., New Haven, Conn.; concerning Maine, New 
Hampshire, and Vermont, to the Boston and Maine Railroad, Publicity Dept., 
North Station, Boston, Mass.; concerning northern Maine, to the Maine 
Central Railroad Co., Passenger Traffic Department, Portland, Maine; and 
concerning the Maritime Provinces to the Dominion Atlantic Railway Co., 
12 Milk Street, Boston, Mass. It has been announced that the yacht races 
for the American Cup will begin off Newport on Saturday, September 13. 


Association members who expect to have a change of address in September 
should notify Secretary W. D. Cairns, Oberlin, Ohio, well in advance in order 
to be sure of receiving the August-September Monthly. 
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The Association is in need of copies of the Monthly for January, 1930. 
Cash, or credit toward future dues, will be given for a limited number of copies 
to the amount of forty-five cents for each copy. Address all communications 
to the Mathematical Association of America, W. D. Cairns, Secretary, Oberlin, 
Ohio. 


Dr. Irving Langmuir, of the General Electric Company, has been awarded 
the Willard Gibbs gold medal of the Chicago Section of the American Chemical 
Society “for fundamental work on atomic hydrogen, on surface relations, and 
electrical discharge phenomena, for contributions to various branches of physi- 
cal chemistry, and for his presentation of a theory of atomic structure.” 


The Society of Arts and Sciences has awarded one of its gold medals to 
Professor G. N. Lewis, of the department of physical chemistry of the Univer- 
sity of California. 


By arrangement with the proprietors of the Quarterly Journal of Pure and 
Applied Mathematics and the Messenger of Mathematics, these journals have 
been discontinued, and have been succeeded by the new Quarterly Journal of 
Mathematics (Oxford Series). The editors are T. W. Chaundy, E. G. C. Poole, 
and W. L. Ferrar; and the members of the advisory board are A. L. Dixon, 
E. B. Elliott, G. H. Hardy, A. E. H. Love, E. A. Milne, F. B. Pidduck and 
E. C. Titchmarsh. The first number, which was published in April, contained 
the following articles: The motion of a fluid in a field of radiation, by E. A. 
Milne; Some problems connected with Fourier’s work on transcendental equations, 
by G. Polya; Electrical notes, by E. E. Pidduck; The zeros of certain integral 
functions, by M. L. Cartwright; A generalization of the quadratic differential 
form, by Oswald Veblen. 

All enquiries relating to this new journal should be addressed to the pub- 
lisher, Mr. Humphrey Milford, Oxford University Press, Amen House, Warwick 
Square, London, E. C. 4. 


DOCTORATES IN 1929 


The following sixty-three doctorates with mathematics or mathematical 
physics as major subject were conferred during 1929 in universities in the 
United States and Canada; the university, month in which the degree was con- 
ferred, minor subject (other than mathematics), the title of dissertation are 
given in each case if available. 


Nola L. Anderson, Missouri, June, astronomy, An extension of Maschke’s 
symbolism. 


G. A. Baker, Illinois, May, economics, Random sampling from non-homo- 
geneous populations. 

M. A. Basoco, California Institute of Technology, June, mathematical 
physics, Fourier expansions of doubly periodic functions of the third kind. 


W. D. Baten, Michigan, June, Theorems concerning probability. 
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A. C. Berry, Harvard, June, Fourier representations. 

H. R. Beveridge, Illinois, May, astronomy, An expansion problem connected 
with a system of partial differential equations. 

O. K. Bower, Illinois, May, physics, Applications of an abstract existence 
theorem to both differential and difference equations. 

A. B. Brown, Harvard, June, Relations between the critical points of a real 
analytic function of n independent variables. 

O. E. Brown, Chicago, August, The equivalence of triples of bilinear forms. 

F. H. J. Burkett, New York University, June, physics, Some properties of 
the sextic with a quadruple point. 

R. V. Churchill, Michigan, June, On the geometry of the Riemann tensor. 

W. M. Coates, Michigan, June, engineering mechanics, The state of stress in 
thin-walled pressure vessels. 

C. J. Coe, Harvard, June, Exterior motion in the restricted problem of three 
bodies. 

J. B. Coleman, California, August, Concerning the reducibility of the charac- 
teristic equation of a ternary continued fraction. 

A. J. Cook, Chicago, June, Pairs of rectilinear congruences with generators in 
one-to-one correspondence. 

H. V. Craig, Wisconsin, October, On the simultaneous differential invariants 
of two functions with an application to the calculus of variations. 

Mildred W. Dean, Johns Hopkins, February, Studies in inversive geometry 
with reference to a special set of six points. 

L. A. B. DeCleene, Catholic, On triangles circumscribed about a conic and 
inscribed in a cubic curve. 

H. P. Doole, Nebraska, June, physics, Certain multiple-parameter expansions. 

H. H. Downing, Chicago, December, Absolute minima for space problems of 
the calculus of variations in parametric form. 

Nat Edmonson, Jr., Rice, June, Poisson's integral and plurisegments on the 
hypersphere. 

P. D. Edwards, Indiana, June, astronomy, Functions possessing an addition 
theorem from the stand point of a functional equation given by Abel. 

J. D. Elder, California Institute of Technology, June, mathematical physics, 


Arithmetized trigonometrical expansions of doubly periodic functions of the third 
kind. 

H. T. Engstrom, Yale, June, On the common index divisors of an algebraic 
field. 

H. P. Evans, Wisconsin, June, The two dimensional boundary value problem 
for the transmission of alternating currents through a heterogeneous earth. 

E. C. Goldsworthy, California, May, Physics, Curves autopolar with respect 
to a cyclic set of conics. 
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Deborah M. Hickey, Rice, June, A three dimensional treatment of groups of 
linear transformations. 

J. J. L. Hinricksen, Harvard, June, The problem of n bodies. 

T. J. Jaramillo, Chicago, March, A generalization of the energy function of 
elaticity theory 

C. I. Lubin, Harvard, June, Singular points of second order systems of real 
differential equations. 

Dorothy McCoy, Iowa, July, phychology, The complete existential theory of 
eight fundamental properties of topological spaces. 

N. H. McCoy, Iowa, June physics, Commutation formulas in the algebra of 
quantum mechanics. 

Sister Marie Cecilia Mangold, Catholic, June, education, On the loci of 
vertices of singly infinite systems of triangles circumscribed about a fixed conic. 

R. H. Marquis, Chicago, June, A comparison of existing theories of algebraic 
numbers, and the isolation of an abstract theory. 

H. A. Meyer, Iowa, June, physics, On certain inequalities with applications in 
actuarial science. 

E. L. Mickelson, Minnesota, July, physics, On the approximate representation 
of a function of two variables. 

E. R. C. Miles, Rice, June, (1) Boundary value problems for potentials of a 
single layer in the plane. (2) Potentials of general masses in single and double 
layers. The relative boundary value problems. 

H. J. Miles, California, May, astronomy, On a generalization of Pliicker’s 
surface. 

A. K. Mitchell, Johns Hopkins, June, The derivation of tensors from tensor 
functions. 

W. K. Morrill, Johns Hopkins, June, A problem of ambiency. 

Max Morris, Chicago, June, Nets of collineations in n-space. 

E. D. Mouzon, Illinois, January, economics, Equi-modal frequency distri- 
butions. 

C. F. Muckenhaupt, Massachusetts Institute of Technology, June, physics, 
Almost periodic functions and vibrating systems. 

C. O. Oakley, Illinois, May, physics, Differential equations containing abso- 
lute values of derivatives. 

Gordon Pall, Chicago, June, Problems in additive theory of numbers. 

G. P. Parkinson, Wisconsin, August, Pairs of curves in a S,. A theory of 
parallelism in sub-spaces. 

F. D. Perez, Chicago, August, The Hilbert-Schmidt theory of linear integral 
equations in general analysis for quaternionic-valued functions. 

J. C. Polley, Cornell, June, physics, Rational surfaces mappable by 
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Bryan Priestman, McGill, October, major in physics, minor in mathematics, 
Propagation of Quanta. 

W. T. Reid, Texas, June, Properties of solutions of an infinite system of 
ordinary linear differential equations of the first order with ordinary boundary 
conditions. 

J. H. Roberts, Texas, June, Concerning non-dense plane continua. 

Robin Robinson, Harvard, February, On the differential geometry of surfaces 
in non-euclidean space. 

E. B. Roessler, California, May, architecture, A certain family of autopolar 
sextics. 

Samuel Silberfarb, Chicago, August, Representation by indefinite ternary 
quadratic forms. 

C. A. Spicer, John Hopkins, June, P-curves of Cremona transformations. 

L. H. Swinford, California, May, Greek, On rational autopolar quintic curves. 

P. M. Swingle, Michigan, June, A certain type of continuous curve and related 
point set. 

S. C. Wang, Columbia, major in physics, The problem of the-nort,.1l hydrogen 
molecule in the new quantum mechanics. 

J. H. Webb, Wisconsin, June, major in physics, minor in mathematics, 
Potential distribution due to a buried sphere under the influence of a point electrode. 

Rose A. Whelan, Brown, June, Approximate solutions of certain general types 
of boundary value problems from the standpoint of integral equations. 

F. G. Williams, Cornell, June, physics, Families of plane involutions of genus 
2 or 3. 

Kathryn Wyant, Missouri, August, astronomy, The ideals in the algebra of 
generalized quaternions over the field of rational numbers. 

Leo Zippin, Pennsylvania, June, A study of continuous curves and their rela- 
tion to the Janiszewski- Mullikin theorem. 


Professor K. T. Compton, of the department of physics of Princeton Uni- 
versity, has been appointed president of the Massachusetts Institute of Tech- 
nology. 


Dr. E. R. van Kampen, who is Professor Schouten’s assistant at the Uni- 
versity of Delft, has been appointed associate in mathematics at Johns Hopkins 
University. 

Dr. L. W. Nordheim, of the University of Géttingen, has been appointed 
visiting professor of theoretical physics at the Ohio State University for the 
spring quarter. 


Dr. T. J. J. See, who, as captain in the Navy, has been in charge of the 
naval chronometer and time station at Mare Island, Calif., for the last twenty- 
seven years, has retired from active service. 
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Professor C. A. Wheeler, of the Connecticut Agricultural College, has 
retired. 


Dr. A. Wintner, who has been Professor Lichtenstein’s assistant at the 
University of Leipzig, and is at present a Rockefeller Fellow at Rome, has been 
appointed associate in mathematics at the Johns Hopkins University. 


Professor J. B. Johnson, head of the department of mathematics at Baylor 
University, died December 18, 1929. 


Mr. R. E. Peterson, instructor in mathematics at Pennsylvania State Col- 
lege, died in the summer of 1929. 


THE INFORMATION BUREAU FOR APPOINTMENTS 


Members of the Association are reminded that the Association maintains 
an office for supplying information with regard to men and women available 
for appointment to college positions in mathematics. This office does not handle 
detailed recommendations, after the manner of a teacher’s agency, but supplies 
certain essential facts with regard to each candidate, together with the name of 
a sponsor from whom further information about him can be obtained. The 
aim is to keep the files as complete and up-to-date as possible. To this end, 
candidates for appointment, especially candiates for a first appointment, 
are invited to put their names on record with the office and departments in 
search of instructors are urged to avail themselves of its facilities. There is 
no charge for its services, either to department or to candidates.. Registration 
blanks and information may be obtained from Professor H. W. Kuhn, Ohio 
State University, Columbus, Ohio. 


BERTRAND RUSSELL recommends this study to “all who believe 
in the value of philosophical research and who are capable of appre- 
ciating in this work the rare clarity and beauty of its exposition.” 


FOUNDATIONS OF GEOMETRY 


AND INDUCTION 
By Jean Nicod 


WITH A PREFACE BY BERTRAND RUSSELL 


In the midst of the contemporary confusion of empirical and rationalistic 
logic, Jean Nicod has undertaken a unique and rigorous analysis of the 
foundations of geometry and induction in both sense experience and formal 
thought. The logical acumen he uses to cut through these tangled subjects is 
accompanied by a vivid imaginative sensibility to the less schematic concrete 
nature of immediate experience. This novel departure from both the purely 
empirical and formal theories of logic is not made without careful considera- 
tion and criticism of the best contemporary representatives of both schools— 
namely, Bergson, Russell, Poincare, Whitehead, Moore, Keynes, and others. 

$5.00 


The International Library of Psychology, Philosophy and Scientific Method 


HARCOURT, BRACE AND COMPANY, 383 Madison Avenue, New York 


The Chauvenet Prize 


In the year 1925, the AssocrATION established a prize of one hundred dollars for the 
best expository paper published in English during succ«s:.ve periods of five years by 
a member of the Association. 


The purpose of the prize is to stimulate expository contributions in mathematical 
journals. The award does not apply to books, although the CAkus MONOGRAPHS are 
expository in character and on this score might be included. They carry their own 
reward in the form of a liberal cash honorarium to each author. 


It is believed that clear expositions of mathematical subjects are greatly needed in 
this country and that the CHAUvENET Prize will tend to stimulate such production. 


The prize will be awarded hereafter every three years. The last award was in 
December, 1929, to Professor T. H. Hildebrandt. The next award will be in Decem- 
ber, 1932, for the period 1929-1931. 


Note that the prize is to be awarded only to a member of the AssocIaATIoN—one more 
of the many good reasons for membership. 
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MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Fourteenth Summer Meeting of the Association, Providence, Rhode Island, Sept. 8-9, 1930. 
The following is a list of the sections of the Association, with dates of those section 
meetings which have been scheduled for 1930. 
Iturnors, Lake Forest, IIl., May 2-3. MIssourl. 
INDIANA, Earlham College, May 2-3. NesraSsKA, Peru, Neb., May 9. 
Iowa, Ames, Iowa, May 2-3. Ouz10, Columbus, Ohio, April 3. 
Kansas, February 15. PHILADELPHIA, Philadelphia, Pa., November 
Kentucky, Lexington, Ky., April 5. 
Cleveland, Miss., Denver, Colo. April 
March 7-8. re 
MaryLanp-District oF CoLUMBIA-VIRGINIA. SOUTHEASTERN, Atlanta, Ga., May 2-3. 


May 10 SOUTHERN CALIForNIA, University of South- 


Micuican, Ann Arbor, Mich., March 22. -- Los Angeles, Calif, 


Minnesota, Carleton College, May 17. TEXAS. 
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269 
270 
274 
282 
287 
294 
299 
301 | 
305 
314 
324 


& 
y 
\ 


| 
‘ 
e 
a 2 


THE SIXTEENTH ANNUAL MEETING OF THE 
KANSAS SECTION 


The sixteenth annual meeting of the Kansas Section of the Mathematical 
Association of America was held in the High School building, Topeka, on 
February 15, 1930. Professor C. H. Ashton, University of Kansas, chairman 
of the Kansas section, presided. 

There were fifty-eight in attendance, among them the following twenty- 
seven members of the Association: W. H. Andrews, Maud Arnett, C. H. Ash- 
ton, Wealthy Babcock, Leon Battig, Florence Black, E. E. Colyer, A. S. 
Croom, Lucy T. Dougherty, W. H. Garrett, W. A. Harshbarger, A. J. Hoare, 
Emma Hyde, W. C. Janes, C. F. Lewis, O. B. Loewen, Anna Marm, Nina 
McLatchey, U. G. Mitchell, O. J. Peterson, A. W. Philips, C. A. Reagan, B. L. 
Remick, J. A. G. Shirk, G. W. Smith, J. J. Wheeler, A. E. White. 

The following officers were elected: Chairman, Professor Emma Hyde, 
Kansas State Agricultural College; Vice-chairman, Professor J. J. Wheeler, 
University of Kansas; Secretary-treasurer, Lucy T. Dougherty, Junior College, 
Kansas City. 

The forenoon session was a joint meeting with the Kansas Association of 
Mathematics Teachers, Professor C. H. Ashton presiding. Professor C. A. Rea- 
gan, of Friends University, spoke on “Creating enthusiasm for mathematics”, 
especially by helping the student catch the spirit, and realize the power 
and beauty of the subject. Professor W. Irwin, of the economics department 
of Washburn College, spoke on “An outsider’s appreciation of mathematics”, 
pointing out that, according to current economic theory, there must be a cer- 
tain volume of gold to maintain a certain volume of trade and that there must 
be some law which will determine this ratio; and he challenged the mathemati- 
cians to discover the solution, and devise a formula which will serve as a basis 
for preserving prosperity, and preventing panics. 

The other papers presented before the joint session were: 

1. “Some fundamental ideas in relativity theory”, by Professor J. J. Wheeler 
University of Kansas. 

2. “An unusual triple conjunction of Jupiter and Saturn,” by Professor 
W. H. Garrett, Baker University. 

Abstracts of these papers follow: 

1. The paper by Professor Wheeler was prompted by the fact that a 
quarter century of relativity theory and a decade of experimentation designed 
to check its conclusions have now elapsed. Attention is called to work of 
earlier mathematicians that has made a concise mathematical theory of rela- 
tivity possible. The study of surfaces begun by Gauss and greatly extended 
and generalized by Riemann has been of inestimable value. The vector con- 
cept of Gibbs and Heaviside may be said to have led, sometimes by devious 
paths, to the calculus of Ricci and Levi-Civita. 
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